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Botany. —- On the light-growth-reactions in different zones of the 
coleoptile of Avena sativa. By C. VAN DILLEWIJN. (Communicated 
by Prof. F, A. F. C. WENT.) 


(Communicated at the meeting of May 29, 1926). 


In a preceding communication (7) I determined the light-growth-reactions 
with various quantities of light for coleoptiles of Avena. In accordance 
with BLAAUW’s theory (3) the phototropic curvatures, positive as well as 
negative, could be explained from the light-growth-reactions, Two distinct 
kinds of light-growth-reactions were found, which I have indicated by 
“short”, when the growth-minimum occurs after 24—30 iinutes, and by 
“long”, if a longer time, about 80 minutes, is required. 

Investigations by WENT (15) have proved that the long reaction is a 
function of the top. When the base is illuminated the shcrt reaction only 
is observed. WENT therefore speaks of a top-reaction and a base-reaction. 
If an entire coleoptile is illuminated the light-growth-reaction is the resultant 
of top- and base-reaction. Until now the light-growth-reactions have 
generally been determined by illuminating whole coleoptiles and so represent 
a complex of light-growth-reactions of the different zones of the coleoptile. 
The question now arises how a plant reacts when a definite zone only is 
illuminated and the remaining part of the coleoptile is kept in the dark. 
By means of zonal illumination I hoped to be able to carry the analysis of the 
light-growth-reaction a little further. 

Method: Three zones of 2 mm length were investigated, the topzone 
from 0 to 2 mm, indicated as zone 0, one just below it (zone II) and one 
from the strongly growing part, from 7 to 9 mm (zone VII). When it 
appeared later that the top-zone was by far the most important, also the 
extreme top from 0 to 14 mm was investigated. 

The method for measuring the growth-reactions was the same as in former 
experiments (7), with the difference that metal sheaths were applied to 
keep certain parts of the coleoptile in darkness. The light-growth-reactions 
of the different zones were determined for light-quantities of 800, 8000, 
80.000. and 800.000 metre-candle-seconds, at a temperature cf 20° C. and a 
degree of moistness of 80 %. Heat rays were absorbed by a layer of 
water. Of the light-growth-reactions only those of zone 0 will be given in 
full, for comparison also a reaction of zones II and VII will be given. More 
extensive data will be found in a subsequent paper. The figures here given 
are averages of several determinations. 
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Zone 0. If this zone is illuminated during 10 seconds with 80 m.c. the 
plant, after a latent period of about 15 minutes, shows a slow decrease of 
its growth-rate ; after about 70 minutes the minimum is reached and growth 
slowly increases again (fig. ld). After about 2 hours it has a feeble 
maximum and then becomes constant again. Investigations by PAAL (10), 
Sopinc (14), NiELSEN (9), BEYER (2) and others have proved that the 
top possesses a particular function, namely the formation of growth~- 
regulating substances. These substances diffuse downwards .and there | 
induce growth. Paat (10) supposed that by illumination the correlation 
between top and base is affected and among other things assumes that 
illumination influences the formation of these growth-regulating substances, 
either accelerating or retarding it. As long as the plant grows in darkness 
the top continuously produces growth-regulating substances. ‘We may 
now imagine that by illuminating with 10 80 m.c. the process by which 
these substances are formed is retarded, so that a smaller quantity of them is 
formed. This will cause a growth-retardation, first in the upper zone, but, 
as the deficiency is transmitted to lower zones, these also will be retarded, 
so that the total growth-retardation continually increases. After some time, 
however, the equilibrium in the top will have been restored and more 
growth-regulating substances will again be formed, the result being a 
growth-acceleration, likewise starting in the upper zone and transmitted to 
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Fig. 1. Light-growth-reactions. The top is illuminated over a distance of 
2 mm. The abscissa indicates the time in hours, the ordinate the 
growth-rate per minute. 30 divisions of the ordinate correspond to 
a growth-rate of 20 « per minute. The arrow indicates the moment 
of the beginning of the illumination. . 
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the lower ones. In the light-growth-reaction this is reflected by a minimum 
after a certain time, followed by an acceleration. At this stage the growth- 
acceleration has therefore penetrated so far to the deeper zones that the 
total acceleration exceeds the total retardation. When in the light-growth- 
reaction the growth-rate has become normal again, this does not mean, 
however, that in all zones growth has become normal. It is quite possible 
that then the growth-retardation is still always being transmitted down- 
wards, followed at a certain distance by the growth-acceleration. The 
behaviour of unilaterally illuminated coleoptiles even strongly supports this 
view. When a coleoptile is unilaterally illuminated with about 800 m.c.s. 
the curvature starts at the top and then spreads over the basal zones, But 
after some time stretching sets in at the top (autotropism). On this point 
we refer to ArISZ (1) and Pisex (11). So here a growth-acceleration has 
followed the unilatera] retardation, and while this retardation is still being 
transmitted further in the base, as is manifested by a shifting of the photo- 
tropic curvature, a growth-acceleration starts from the top and is transmitted 
downwards, as is manifested by a stretching of the originally curved parts. 
It is very probable that these processes, occurring in unilaterally illuminated 
plants on the exposed side only, occur on all sides with all sided illumination. 
Now this means that of the light-growth-reaction only the part during 
the first hour after illumination represents a simple process, namely a 
retardation, progressing downwards, but that after the minimum the reaction 
consists of two antagonistic processes: a growth-retardation progressing 
downwards and an acceleration, following the retardation at some distance. © 

When zone 0 is illuminated during 100 seconds with 80 mc. (fig. Ic) 
growth remains almost unaltered. In the single reactions a small retardation 
was Often observed, followed by an equally slight acceleration, but normal 
growth was soon restored. So we must assume that the formation of 
growth-regulating substances undergoes no or hardly any influence from 
this light-quantity. 

A very different aspect is found when we illuminate 1C0 seconds with 
800 m.c. (fig. 1b). Leaving aside for the moment the small minimum, we 
may say that this quantity causes a distinct acceleration, reaching a maxi- 
mum after about 54 minutes and then falling off again to about the norma! 
rate. So this quantity of light promotes the formation of growth-regulating 
substances. The slight minimum may be interpreted as the beginning of a 
long reaction (cf. fig. 1 d) which is immediately superseded by an accelera- 
tion. This would indicate that the formation of growth-regulating 
substances is first retarded and then accelerated. We shall presently 
see, however, that also the basal zones give a similar minimum with this 
illumination and here a relation between the minimum and the formation 
of growth-regulating substances is of course excluded, since only the top 
forms them, 

With an illumination of 800 m.c. during 1000 seconds (fig. 1 a) a reaction 
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occurs, differing herein from the preceding one that the minimum lies con- 
siderably deeper, while the following growth-acceleration sooner reaches its 
maximum and then rapidly falls to the normal rate and later even below it. 
As the growth-retardation and acceleration approximately annul each other, 
the final result of this illumination will be that the total growth after 2 hours 
is about equal to that of a non-illuminated plant in the same time. 

Let us now take a summary view of the reactions as given in fig. 1. By 
illuminating with 800 m.c.s. growth is retarded. Using less than 800 m.c. the 
retardation is smaller, as | found in experiments which I will not mention - 
here. With 8000 m.c.s, an indifferent stage is met with, i.e. growth remains 
the same as before the illumination. We may therefore say that between 0 
and 800 m.c.s. the retardation becomes continually stronger by increasing 
quantities of light, that between 800 and 8000 m.c.s it reaches a maximum 
and then diminishes and entirely disappears at 8000 m.c.s, By still increasing 
the light an acceleration sets in, which at 80.000 m.c.s. is fairly considerable 
and with still more light also diminishes again, so that at 800.000 m.c.s, 
disregarding a transitory retardation and acceleration, an indifferent stage is 
again reached. The same behaviour was found for the uppermost top zone of 
Vy mm., with this difference that both retardation and acceleration are some- 
what smaller than in illuminating zone 0: This means that the top 
reactions take place almost entirely in the extreme 14 mm of the top and the 
next 114 mm is only very little sensitive to these top reactions. This is in 
good agreement with the results of SIERP and SEYBOLD (3).for phototropic 
sensitiveness. They found namely that this is chiefly localised in the extreme 
4 mm of the top and then rapidly diminishes. As will be presently. shown 
all basal zones lack the property of giving top reactions with any of 
the light-quantities used. What do these reactions tell us now about 
the nature of the phototropic curvature? When answering this question 
the difficulty is met with that we do not know how much light the extreme 
top lets through to its back. We may assume, however, that the back 
receives about 1/3 to 1/9 of the light, received on the front. For what 
follows an exact knowledge of this amount is not necessary, however. 

We shall now consider what curvatures must occur. if we illuminate 
unilaterally with quantities of O—800 m.c.s. With 800 m.c.s. the front and the 
back will both give a growth-retardation which will be strongest at the front. 
So here a positive curvature will occur (fig. ld). When iiluminating with 
8000 m.c.s. growth will remain constant at the front, whereas the back 
shows a retardation (fig. Ic and d). Here we must expect a negative 
curvature. Somewhere between 800 and 8000 m.c.s. it is possible that the 
reactions at the front and at the back compensate each other so that no 
curvature is observed. Arisz (1) studied the curvatures, caused by 
illumination of the top and found a positive bending at 800 m.c.s. and a 
negative one at 8000 m.c.s. At about 4000 m.c.s. he did not obtain a 
distinct positive or negative curvature, so we have here the transition between 
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the two ranges. It will be seen that the curvatures, derived from the growth- 
reactions agree with the actual phototropic curvatures. 

Between 8000 and 800.000 m.c.s. the reaction is principally a growth- 
acceleration, at first increasing, and diminishing again with larger light- 
quantities. With a certain quantity the acceleration will be at its maximum, 
lying in the neighbourhood of 80.000 m.c.s. 

At 80.000 m.c.s. the front as well as the back will give an acceleration, 
which will be strongest at the front, so that a negative curvature will result. 
At 800.000 m.c.s. the front will show some oscillations, but the total growth 
will there in the 2 hours after starting the illumination be about equal to 
that in the same time in the dark. The back will give an acceleration, 
however, and the result will be a positive bending. Between 80.000 and 
800.000 m.c.s. there must again be a transitional range, where the growths 
of front and back compensate each other and no distinct curvature is observed. 
Also these curvatures have been observed by Arisz. The positive curvature 
at 800.000 m.c.s. belongs to the range of the second positive response, 
contrary to the curvature at 800 m.c.s. which belongs to the range of the 
first positive one. 

It thus appears that the first positive curvature is caused by unequal 
growth-retardations at the front and back, while the second positive 
curvature is caused by unequal growth-accelerations at the front and back. 

Negative responses may be caused in various ways. The front may present 
a retardation or an indifferent reaction, as well as an acceleration, while the 
back may also present this reaction, provided that the growth-rate is there 
smaller than at the front. I shall not develop this further, as it may 
easily be derived from the communicated light-growth-reactions. 

BoYSEN JENSEN (4), contrary to PAAL (10), assumes that a positive 
curvature is caused by growth-acceleration at the non-illuminated side. From 
what precedes it appears, however, that both cases occur, with the first 
positive curvatures the front and back are both retarded, with the second 
positive ones both are accelerated. Hence the theories of PAAL and BOYSEN 
JENSEN are not at variance, but supplement each other. PAAL's conception 
holding good for the first positive curvature, BOYSEN JUNSEN’s for the 
second, I was able fully to confirm PAAL’s conception of the 
negative curvature. 

Zone II and VII. As a contrast to the reactions of the top zone I shall 
now give a few reactions of lower zones, for which purpose I choose the 
reactions with 80.000 m.c.s. of zones II and VII (fig. 2). Both are nearly 
similar, showing a growth-minimum after 25 minutes, followed by a 
maximum after 43 minutes. Then a retardation sets in again, but soon 
normal growth is restored. This confirms WENT’s conception (15) that 
the reaction of the base is fundamentally different from that of the top. 
With less than 8000 m.c.s. I could scarcely detect the reaction in either 
zone. Now it is remarkable that also zone 0 shows the short reaction only 
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with light-quantities larger than 8000 m.c.s. (fig. 1, a, 6). So the reactions 
of zone 0 above 8000 m.c.s. are presumably composed of a short and a long 
reaction. The minimum of diagram 16 is shallower than that of diagrams 
2a and b, obtained with the same light-quantities, probably a growth- 
acceleration of the long reaction sets in simultaneously with the retardation 
of the short reaction. Diagram a of fig. 1 may be interpreted as being 
composed of an indifferent top reaction and a distinct short reaction. The 
latter is now very distinct, as it is not counteracted by the top reaction. 


Fig. 2. Light-growth-reactions of basal zones. 
a, of zone VII. 
b. of zone Il. 
For the explanation see fig. 1. 


We conclude that all the zones have the property of giving a short 
reaction with large light-quantities (above 8000 m.c.s.), while the property 
of giving a long reaction only belongs tc the top. 

Assuming that the long reaction is caused by the influence of light on the 
process of formation of growth-regulating substances, we can only say of 
the base reaction that it has nothing to do with this process. As the short 
reaction occurs as well in the top as in the base, i.e. as well in not-growing 
as in growing parts, it can stand in no relation to growth. It is much 
more probable that it is related to the turgor, for example. There is a 
great similarity between this reaction and the light-turgor-reaction, observed 
by BRAUNER (5) in the leaf-joints of Phaseolus. 

This short reaction has a special bearing on the phototropic curvature. 
My experiments proved that, as the light-quantity increases, the minimum 
of this reaction lies deeper and the maximum higher. The coleoptile below 
the top receives at the back 1/35 of the light, received by the front. With 
one-sided illumination with a quantity above 8000 m.c.s, the minimum 
will now lie deeper at the front than at the back, so that positive curving 
results; the following maximum will at the front lie higher than at the 
back, so that the curvature will be inverted. This is the explanation for 
the oscillations occurring with large light-quantities. When illuminating 
a zone of 2 mm the short reaction does not set in under 8000 m.c.s. But 
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since the amount of this reaction depends on the length of the illuminated 
surface, as was shown by WENT (15), totally illuminated coleoptiles wili 
show these reactions already with smaller light-quantities. WENT found 
them already with 500 m.c.s. (temp. 25° C.). The osciliations observed 
by BURCKHARDT (6) are in agreement with this conception. 

The oscillations have nothing to do with the permanent phototropic 
curvatures, no more than the short reaction is to any extent related to the 
light-growth-reaction proper. The short reaction is past after 1—114 hour 
(see also WENT fig. 6), while the phototropic curvature still goes on then. 
The long reaction, on the other hand, hasa longer duration and is transmitted 
to the base, it produces the real phototropic curvature. 

So phototropic curvature with large light-quantities consists of two different 
components, namely of passing oscillations, caused by short reactions in all 
parts of the coleoptile, and of the phototropic curvature proper, caused by the 
long reaction, which occurs in the top only and from there proceeds 
downwards. 

Von GuTTENBERG (8) also distinguishes two elements in the phototropic 
bending: the passing oscillation he explains as proto-phototropic 
curvatures, followed by the phototropic curvature proper, which occurs later. 

SIERP (12) who has extensively studied the light-growth-reaction with 
Avena, also considers the first oscillations as less important and attaches 
great value to the later retardation or acceleration. He too is of opinion that 
only this latter is essential for the phototropic curving. Although SIERP 
exposed the total plants to illumination, the agreement between his and 
mine reactions is very good. 
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Botany. — On growth-accelerating substances in the coleoptile of Avena 
sativa. By F. W. Went. (Communicated by Prof. F, A. F. 
C, WENT.) 


(Communicated at the meeting of June 26, 1926). 


The following communication is a preliminary account of the results | 
obtained in an investigation on the formation, the character and the effect 
of the growth-accelerating substances, produced by the tip of a coleoptile 
of Avena. 

Paar (1919), on account of his experiments, has been the first to assume 
a regulation of the growth in the coleoptile of Avena. This regulation is 
seated in the tip and must be caused by the local formation of a substance 
which, partly by diffusion, moves in a basipetal direction. Arrived in the 
growing zone it there accelerates growth. This substance (or substances) 
I shall for the sake of brevity call growth-regulators. Of late years the 
growth-accelerating effect, exerted by the tip on the base, has been 
confirmed by direct -growth-measurements (SODING 1923, NIELSEN 1924). 
PaAL also says: “‘phototropic perception is perhaps a growth-regulation, 
influenced by light.”’ His idea is that the growth-regulators, which normally 
are continually being formed by the tip, are by illumination of the tip either 
prevented from being formed, or are photochemically destroyed, or perhaps 
have their motion impeded by illumination. 

In a former publication (1925) I showed that the reaction of growth to 
light has two components, a tipresponse and a baseresponse. For both I 
tried to give an explanation. The one for the tipresponse essentially agrees 
with PAAL's conceptions. It occurs after the tip of a coleoptile has been 
illuminated and consists of a growth-retardation, at first small, then 
stronger, followed by a small acceleration. It is natural to think here of 
an influence of the light on the substances diffusing from the tip. In this 
way the reaction of growth to light is regarded as a special case of growth 
in the dark. If we wish to follow up the consequences of this conception 
the factors involved in growth must be known as well as possible. Among 
these we have in the first place the growth-regulators which will be dealt 
with in this paper. I succeeded namely, in isolating them from 
coleoptile tips. 

Miss SEUBERT (1925) tried to do this by mixing the expressed juice of 
coleoptiles, in which these regulators must be present, with agar. Little 
blocks of this jelly were placed on one side of decapitated coleoptiles and 
from the resulting curvature it might be concluded whether this expressed 
juice had an influence on growth. It was found, however, that the juice 
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expressed from tiplets and that from coleoptile rings had the same effect - 
and always caused a growth-retardation. Hence nothing could be concluded 
as to a growth-accelerating action of the tip. So I made a different attempt. 
PAAL’s experiments had proved that diffusion of a phototropic stimulus also 
takes place through gelatine. I therefore placed a number of tips of 
coleoptiles of Avena closely together with their cut faces on a thin layer of 
gelatine. After about an hour I took off the tips again and placed the 
gelatine, cut into small blocks, on one side of decapitated plants. Already 
one hour later these plants began to show a negative curvature which after 
3 hours had become strongly negative, sometimes amounting to an angle 
of 40° with the vertical. Gelatine on which no tips had been put, when 
placed on one side, gave no or a very feeble positive curvature, while 
gelatine on which coleoptile rings, cut off just below the tip, had stood, 
also producéd no perceptible curvature. It was evident that I had obtained 
the more or less hypothetical growth-regulators. For the curvature 
produced by placing gelatine blocks on one side, indicates the difference in 
growth-rate on the two sides of the coleoptile. This difference is caused 
by the influence of the gelatine on the underlying half of the coleoptile. 
The more the growth of this half is accelerated the stronger the curvature 
will be. Already the first experiments showed that on this foundation a 
quantitative method could be worked out, in which the angle of curvature is 
the measure for the quantity of growth-regulators, diffusing from the tiplets 
into the gelatine. For, if the unilaterally placed blocks were from the same 
portion of gelatine, also the curvaturés of the stumps, expressed as angles, 
were pretty much the same. Taking an average of the angles with six 
plantlets, the mean error was as a rule not larger than 20 %, and sometimes 
much smaller. This is particularly striking, as phototropical curvatures 
often diverge widely. Two conclusions may be drawn: 1. the effect of a 
certain quantity of growth-regulators on different stumps is the same, and 
2. the curvature of the stump is a means for quantitatively determining the 
amount of growth-regulators. So my experiments fall into two groups. 

In the first place I am studying the formation and change of the growth~- 
regulators by various external circumstances, the curvature of the stumps 
after one-sided application of the gelatine being used as the means of 
analysis, and secondly I am examining how the stump reacts on the presence 
of growth-regulators under different conditions. The method is briefly as 
follows: Coleoptiles are raised in a dark room at a constant temperature 
of 20° C. All manipulations are there made with red light. When the 
plants have attained the desired length (10—30 mm above the ground) 
the tips, having a length of 1 to 2 mm are cut off and placed for a few 
moments on moist filter-paper, in order to remove as well as possible the 
contents of the injured cells. They are then put close to each other on a 
thin slice of 10% gelatine. It is important always to place the same 
number of tips on equal surfaces, the tips should therefore all be cut off at 
the same length. They are removed from the gelatine after about an hour. 
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The gelatine obtained in this way is then cut into small blocks of about 
equal size, which by means of melted gelatine are stuck on one side of 
coleoptile stumps. Decapitation is carried out in the manner indicated by 
STARK and DRECHSEL (1922), the length of the cut-off portion being about 
5 mm. The primary leaf is partly pulled out, so that it will not lift the 
gelatineblock from the stump when it grows larger. After this treatment the 
plantlets are left to themselves for about half an hour, because within this 
time the curvatures resulting from the operation manifest themselves; only 
those plants are used for the experiments that are still perfectly straight 
then. Already one hour after the gelatine with the growth-regulators has 
been put on, a distinct curvature is observed in the upper part of the stump. 
This is gradually transmitted downwards, so that after 3 hours a zone of 
+ 15 mm is curved. After 3 hours the plants are photographed by casting 
their shadow on sensitive paper. It is very easy to measure the curvature 
on the paper. A line is drawn on the photo parallel to the uncurved basal 
portion of the plant and a tangent to the extreme tip. The angle between 
these two lines is the total curvature. The figure is a reproduction of such a 
shadow-image. The plants have bent themselves from left to right over 
angles of 20, 19, 18, 17, 18 and 17°. 


Small blocks of gelatine containing growth-regulators, were placed on the right 
side of stumps of coleoptiles of Avena. The resulting negative curvature was photo- 
graphed after 3*hours. 


This is an average of 18° with a mean error of 0.3°, In the tables will be 
found the average angle, with the mean error, of groups of 5 to 6 plants, 
3 hours after the beginning of the experiment. These figures cannot claim 
absolute value, since the circumstances under which the experiments were 
made were rather unfavourable. But they may prove the value of the 
method and they also contain some new results. A number of control 
experiments may be mentioned only. 

If pure gelatine is placed on one side negative curvatures never occur; 
50 % of the plantlets remain straight and 50 %. bend slightly in a positive 
direction. The same result is obtained when coleoptile rings have previously 
stood on the gelatine, and it makes practically no difference whether these 
rings are cut out close under the tip or from lower parts of the coleoptile. 
Hence we infer that neither from the sectional surface nor from the ordinary 
coleoptile cells substances, having a marked influence on quent diffuse 
into the gelatine. 
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I had also to make out whether the tips of longer plants excrete less or 
more growth-regulators than those of shorter plants. My experiments have 
not proved as yet that there is a marked difference between them, so it is 
sufficient in practice if for a series of experiments the length of the plants 
does not diverge too much, 

Another question was whether the length of the stump has any influence 
on the amount of the reaction. This appeared not to be the case; if the 
stumps were 10—15 mm long the curvature was 18°.5 + 2°.7; at 
20—30 mm length the curvature was 20° + 2°.3. As the length of the 
stumps I employed always lay within these limits, we may state that the 
stumps are practically equally sensitive, independent of their length. 

With a view to the regeneration of a new physiological tip, which was 
studied by DoLk (1926), I never decapitated my plantiets for analysis 
much longer than half an hour before using them. If they are decapitated 
12 hours before, and if then the regenerated physiological tip is cut oft 
before the experiments, the stumps so obtained react much more feebly 
than freshly operated stumps. From these preliminary experiments I now 
proceed to a discussion of some results. 

In the first place a few words must be said on the constancy of the 
growth-regulators. If gelatine into which they have diffused is left to dry 
in the air (with a constant moistness of 85 %) they remain active, at least 
partly, also when kept for a longer period. After 2 days’ drying of the 
gelatine they gave a curvature of 18°.2 + 0°.2; after having been kept dry 
for 11 days the curvature was still 10° + 1°.2, and even after 43 days it still 
produced negative curvatures. When diluting the gelatine containing the 
growth-regulators with an equal quantity of pure gelatine, its activity 
diminishes proportionally to the dilution. Undiluted it gave a curvature of 
22°.5 + 2°.0 (in another case 19°.5 + 7°.9); diluted the curvature was 
12° + 1°.6 (8° + 1°.6). This also points to their individuality as 
substances. 

The experiments of FitTING (1907), who found that no stimuli were 
transmitted through a coleoptile disc that had been heated to 43° C., induced 
me to heat the gelatine to 40°, 60° and 90°. These experiments have a 
qualitative value only, as I did not make sufficient control experiments. 
Gelatine that had been heated for 1 minute to 90° was still quite able to 
produce curvatures, even as strongly as gelatine heated for | minute to 40°. 
Also when heated to 60° very fine curvatures were produced. Hence in 
FITTING's experiments only the transport of the stimulating substances, 
in this case the growth-regulators, can have been stopped, without 
the substances themselves having been destroyed. And this transport 
must for the greater part be ascribed to the living cells, as diffusion is not 
nearly sufficient to explain the rate of transport. BRAUNER (1922) 
therefore regards the protoplasmic streaming observed by him as a chief 
factor of transport. A theory of PAAL to explain the transport-rate I consider 
less probable. Transport of the growth-regulators I understand as diffusion 
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from protoplast to protoplast through the cell-wall, and for the rest as a 
mechanical distribution in the cell by protoplasmic streaming, 

If by heating above 41° C. the protoplasmic streaming has been 
irreversibly checked, no transport of growth-regulators can take place in 
perceptible quantities. 

Illumination of gelatine containing growth-regulators does not check their 
activitity, but I have no quantitatively certain results on this point as yet. 

I will deal now with the influence of external circumstances on the form- 
ation of the growth-regulators in the tip. It has already been stated that the 
length of the plantlets has scarcely any influence on the quantity produced. 

One of the principal questions that may be answered by the present 
method is: what influence has light on the formation of growth-regulators? 
The result of the experiments on this point might have been foreseen 
after VAN DILLEWIJN’s latest publication (1926). The growth-retardation 
observed by him after illumination from three sides with 800 metre-candle- 
seconds and the growth-acceleration stated after 80.000 m.c.s. could only 
be caused by a smaller and by a larger formation of growth-regulators. 
RAMAER (1926) could prove this growth-retardation and acceleration in a 
different way. And finally SierP (1921) came to the same conclusion from 
his experiments. Because the growth-regulators formed during the illumina- 
tion want some time before they have been so far conveyed downwards 
that an increase or diminution can make itself felt in the gelatine,*I waited 
30—40 minutes after illumination before cutting the tips and then kept them 
45 minutes on the gelatine. The results of a few series of experiments are 
given in table I. Only one series gave a completely discordant result, which 
I can only explain by assuming that the numbers of the experiments were 
interchanged by accident. I always illuminated vertically from above. 

From these data it appears very clearly that during a time of 35 to 80 
minutes less growth-regulators diffuse from the tips (having a length of 


TABLE | (for explanation see text). 


Curvature of the stumps 


Quantity of light 


Series I Series II Series III 
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1—1.5 mm) into the gelatine after applying 1000 m.c.s., but more after 
100.000 m.c.s, 
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It was now also possible to imitate phototropic curves. T'o do this I first 
placed, as in all former experiments, on one side of the stump gelatine, 
treated with tips to which an illumination of e.g. 100.000 m.c.s. had been 
applied. Then on the other side a gelatine block was placed, on which tips 
had stood that had been illuminated with ten times less light. In this way 
a gelatine system was placed on the stump which, according to BLAAUW’s 
theory, as nearly as possible approached the unilaterally illuminated tip. The 
plantlets indeed bent themselves in perfect accordance with the figures 
obtained by Arisz (1915). With a difference of 1000 versus 0 m.c.s. a’ 
positive curvature (in 7 out of 9 plants, 2 remained straight) occurred, 
reckoned towards the 1000 m.c.s. With 10.000 versus 1000 m.c.s, the 
curvature was negative. With 100.000 versus 10.000 m.c.s. I found a positive 
curvature again, ie. towards the 100.000 m.c.s. 

This method is an improvement on that of BOYSEN JENSEN and NIELSEN 
(1925), who placed a tip on both sides of a stump and illuminated only one 
of them. Another advantage of the present method is that while the 
gelatine stands on the stumps, no fresh growth-regulators are formed, which 
might spoil the result. RAMAER already showed in 1926 that JENSEN and 
NIELSEN’s conclusions were wrong, especially because they did not take 
into account the quantity of light applied. . I provided a few plants in the 
above described manner with two small pieces of gelatine, on which tips 
had stood, that had been illuminated with the same quantities of light which 
RAMAER had used. The result was that with 0 versus 1000 mcs. a 
curvature towards 1000 m.c.s. was observed, while. with 0 versus 
100.000 m.c.s. the curvature was reversed and turned away from the 
100.000 m.c.s. This is in complete agreement with RAMAER’s results, 

More remarkable is perhaps the result I obtained concerning the influence 
of one-sided or many-sided geotropical stimulation of the tip of a coleoptile 
on the excretion of growth-regulators. The method was essentially the 
same as that for studying the influence of light. In this case, however, the 
plants were placed horizontally during 40 minutes or were rotated 
horizontally for 25—50 minutes on a clinostat, after which the tips were 
cut off and remained standing on the gelatine for 45 minutes, The results 
are given in table II. 


TABLE I. 
: ; Control : 
Se REOAGN unstimulated tips 
40 min. horizontal 13! Set 3 5 11.5+1.9 
25 min. * rotated 8.5+0.5 OS 2 tO: 


50 min. . ts @ 14.54.20 159 A 053 


From this table it is seen that the formation of growth-regulators is not 
stopped by geotropic stimulation. Hence we should not expect a geo- 
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growth-response, which must be based on a change in the quantity of 
growth-regulators. What has until now been published on this point is 
very contradictory (ZOLLIKOFER 1922, KONINGSBERGER 1922) so that no 
certain conclusions can be drawn from the geo-growth-response. . I shall 
presently return briefly to this question. 

We have now seen how the formation of growth-regulators depends on 
certain external factors and how they react themselves on light, heat, etc. 
I shall finally give some observations on some factors that may influence 
the transport of growth-regulators in the stump; I mean light and gravity. 

I started from the fact that the typical action of the tip, namely the 
formation of growth-regulators which are conveyed downwards, can be 
imitated by a little gelatine block in which these substances are accumulated. 
If such a block is placed on the whole stump, growth-regulators will move 
downwards everywhere and will accelerate the growth of the whole 
coleoptile, just as happens in an uninjured plant. In this way we have at 
our disposal an Avena coleoptile which is entirely like a normal plant, but 
in which no perception of stimuli in the tip is possible any longer, as the 
tip has been replaced by a physical system. This affords particular 
advantages for investigating the phototropic and geotropic sensitiveness 
of the base of a coleoptile. The whole plant can alwavs be stimulated 
without any perception in the tip, 

As regards phototropy the base had already been studied lang ago (by 
ROTHERT 1893) with unilateral illumination only; a curvature is 
observed although there can be no change in the quantity of growth- 
regulators, Also with a gelatine tip I obtained positive, though feeble, 
curvature towards unilateral light (continuous application of 32 or 50 m.c.). 
Control plants which had also been decapitated, but on which no gelatine 
with growth-regulators had been placed, showed no curvature at all. It 
thus appears that there must exist a difference in concentration if curvature 
is to occur. I supposed a diminution in the rate of conveyance of the 
growth-regulators at the strongly lighted proximal side of the coleoptile. 
I could confirm this supposition by placing gelatine blocks with growth~- 
regulators unilaterally on stumps. One half of the operated plants were 
continuously illuminated bilaterally with about 20 m.c., the other half 
remained in the dark. Table III gives the curves obtained. 


TABLE III. 


Series | Series II 


After 3 hours |After 11/;hour| After 3 hours 


plants in darkness ete tO 1D On2 DN eete So2 
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Th 


After 1 hour the plants of series I also showed a distinct difference in 
curvature, which, however, had disappeared after 3 hours. So it appears 
that during the first hour the rate of transport is greatly diminished by 
the illumination, after this it is equalised, so that at last it makes no 
difference whether the plants have been illuminated or not. The influence 
of light on a coleoptile of Avena therefore appears in this investigation as 
in the former to be twofold: in the first place it has an effect on the 
formation of growth-regulators in the tip, and secondly it temporarily 
diminishes the transport-rate of the growth-regulators. ; 

The first phenomenon gives rise to the tip-response, the second probably 
has something to do with the base-response. But this requires further 
investigation. BRAUNER (1922) seeks in the same direction an explanation 
for curvatures of the base. He says, however, that light increases the 
permeability and so accelerates the transport of growth-retarding substances. 
Although his hypothesis will explain the positive curvature of the base, my 
experiments prove it to be untenable. 

These facts also enable us to explain why with stronger ‘intensities a 
positive bending precedes the negative one. From the oufset more growth- 
regulators are formed at the front than at the back. During the first hour, 
however, the transport-rate is smaller at the front than at the back, so that 
_a positive bending must occur first. Later, when the transport has become 
normal again, more growth-regulators will be present at the front than at 
the back and the plant then bends negatively. Arisz (1915) also obtained 
purely negative curvatures, not preceded by a positive one. He then 
worked with illumination of the tip only, so that the rate of diffusion at the 
base was not altered and the acceleration could at once manifest itself. 
‘Viewed in this light the results obtained by Miss SEUBERT with unilateral 
illumination of stumps on which agar mixed with saliva had been stuck, for 
which she wanted several auxiliary hypotheses, are easily explained. We 
have again a case here in which a growth-accelerating substance is from the 
agar conveyed downwards in the coleoptile. By illumination the transport 
at the exposed side is impeded, so that a positive bending must result. 

Lastly I have to speak of the geotropic stimulation of the base. 

GUTTENBERG (1911) was already able to prove by PiccARD’s method 
that also the base of a coleoptile can perceive centrifugal forces. BRAUNER 
(1923), SEUBERT (1925) and CHOLODNy (1924) tried more or less success- 
fully to stimulate the base only, the first-named by replacing the cut-off 
tip on the stump after geotropic stimulation of the base, SEUBERT by placing 
agar blocks with saliva on the base, the last-named by sticking the tip on 
the base at an angle of 90°. The two former could show that the base 
really is geotropically sensitive ; CHOLODNY’s method presented difficulties 
that could not be surmounted, 

I cut the tips of plants at various lengths, some at 1 mm, some at 5 mm. 
Instead of the cut tips a little block, containing growth-regulators, was 
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again put on the whole surface. The plants were then placed horizontally. 
After 114 hours all the plants with gelatine were geotrepically curved, 
those that had been curtailed 5 mm only feebly, the others very strongly. 
The bending of these latter plants was about as strong as with uninjured 
plants. We may infer firstly that geotropic curvature depends on a 
concentration gradient of growth-regulators, and secondly that it is 
perceived by all zones of the coleoptile (perhaps with the exception of the 
extreme tip), while the greatest sensitiveness must lie a littie below the tip. 

On account of the above-mentioned facts I think we are justified in 
concluding that geotropic perception is caused by a polar alteration in the 
coleoptile cells. Instead of an evenly distributed rectilinear transmission 
of the growth-regulators from the tip to the base, the transport in each cell 
undergoes a polar alteration and instead of moving rectilinearly the growth- 
regulators are more strongly conveyed towards that side which under 
geotropic stimulation was turned downwards. It is not necessary to assume 
a direct transformation of energy by gravity, and each cell, either at the 
under or at the upper side, reacts in the same way. I hope to be able later 
to extend these ideas by further experiments. 
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Physics. — Note on regularities in the spectra of Fluorine and 
Chlorine. By T. L. DE BruIN. (Communicated by Prof. P. ZEEMAN). 


(Communicated at the meeting of June 26, 1926). 


Little progress has been made in the detection of regularity in the 
spectra of the halogens (FI.Cl.Br.J). Data concerning a revision of 
the observations would seem to be necessary for the study of the structure 
of these spectra. 

Fluorine. Measurements of the Fluorine spectrum have been made by 
PORLEZZA') and by GALE and Monk”). The spectrum as measured by 
them consisted of a group of some 50 lines in the red (probably F. 1) 
and a group of about 30 lines in the violet (probably F. II). 

I have investigated these lines on constant differences and have found: 


Fl> 145'5,5 3160. vandae274.6 
Fl. II narrow triplets with Av=-+ 12 and 20. 


There are also in the F. I spectrum groups of lines with the constant 
differences 160.1 and 274.6. From the 3 to 5 interval ratio of these 
differences we have deduced a quartetterm (innerquantumnumbers 1, 2, 3; 
4P). Recently CARRAGAN?) has made a study of the ZEEMANeffects for 
some of the lines of the red group. These ZEEMANeffects showed the 
reality of this *P-term. CARRAGAN has deduced a *D-term, forming with 
the *P-term the multiplet 4 6708—6909, 

This note records the detection of different quartet- and doubletterms 
in the spectrum of F.J. The structure of the spectrum resembles the 
spectra of N.J.*) and O.II°). In the light of the theory of complex 
spectra developed by HuND°) the deepest lying term in the spectra of 
the neutral halogen atoms would be a *P-term. The following terms 
would be expected too: *P, 7P; *D, 4P, 4S, 2D, 2P,2S; *F, *D, *P, ?F,2P,2D. 
The components of any one of the terms would be probably inverted 
i.e. the component with the largest j value will be the “deepest”. 

The detected termcombinations are recorded in the following tables. 


1) PORLEZZA: Gaz. Chim. Ital. 42, 42, 1912. 

2) GALE and MONK: Astr. Journ. 59, 125, 1924. 

3) H. CARRAGAN: Astr. Journ. 63, 145, 1926, 

4) C. C. KiEss: Journal Opt. Soc. America. Vol. 11, 1, 1925. 
5) A. FOWLER: Proc. R. S. London. Vol. 110, 476, 1926. 

6) F, HuND: Zeitschr. f. Phys. 33, 345, 1925. 
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5. 
2p, 15. 5. 
7202.34 7128.36 
13880.6 144.0 14024.6 
325.62) 
2p’, 50. 4, 
7037.48 6966 . 33 
14205.7 145.1 14350.8 
6. 
18. a 
6834.25 1) 6766.98 
14628. 1 145.4 14773.5 
= ke 
6416.30 6356.87 
15581.0 145.6 15726.6 
0. ie 
6049.66 5996.76 
16525.2 145.8 16671.0 
3. 00. 
5707.23 5659.02 
17516.8 149.2 17666.0 


1) Also in multiplet 1. ° 
2) We will remark that the theoretical value for the doublet 
Avy = 0.365 (9—3.5)* = 333.9. 
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ZEEMANeffects. 


The publication of CARRAGAN deals with only the ZEEMANtypes, 
not the observations in decimal form. The results here recorded are 
therefore somewhat incertain. 

Multiplets 1 and 2. 

The lines of these groups have ZEEMANeffects consisted with the 
suggested arrangement. 


Multiplet 3. J 
20. 4 7398.96 calc. (0) 1.60 
obs. (0) 1.66 
5. A 7552.20 calc. (0.07) (0.20) 140 1.53 1.67 1.80 
obs. (0) 1.50 
am Lolo.o2n eale, (0:47). 1.27: 2.20 
obs. (0.50) 1.35 
houmA 1 392.25 wealc. (0.07) (0.20) 1:40 © 1.53: ,1,67. 1.80 
obs. ( — 0.25) 135 — 


—=_ 


LZeAn A262 Vcale O42) 1.2712 2:20 
ops/-(0.50)) 1,30 — 2.30 


Multiplet 4. 

These lines form a possible term combination with +P. 

Multiplet 5. 

The observed ZEEMANeffect of the lines 42 7202.34, 7037,48 and 
6966.33 agrees with calculation. For the line 1 7128.36 the calculation 
gives a the observed patterns are, however, ey 

Multiplet 6. 

These lines form a possible termcombination with 7P. ZEEMANeffect 
not observed. 

It should be remarked that the interval rule is confirmed in *P and 
4D. For the +P’ term, however, there is a deviation from this rule‘). 
(6) 21.33 

0 could 
not be tabulated. The line has two close satellites 4A 7309.28 and 
7314.52. The ZEEMANeffect suggests a *D;?D, termcombination. 

calc. (0.29) 0.51 (0.86) 1.09 1.66 2.23 
- obs. (0.30) 1.05 1.65 


Chlorine. Measurements of the spectra of Chlorine were made by 
-EDER and VALENTA”), JEVONS*) and ANGERER *). NELTHORPE*) has 


Only the strong line (15) 7311.40 with the ZEEMANeffect 


1) See also the spectra NI and OTl. 

2) EDER und VALENTA: Wien. Denkschr. 68, 1, 1899. 
3) JEVONS: Proc. R. S. London. 103, 1923. 

4) ANGERER: Zeitschr. f. wiss. Photogr. 22, 1924, 

5) NELTHORPE: Astr. Journ, 41, 16, 1915, 
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found that many of the vacuum tube lines of Chlorine as tabulated by 
EpDER and VALENTA, did not appear in “Grundspektrum” tubes. These 
lines are also due to Cl. I. It is probable that the observed spectrum 
contains lines of Cl. II and Cl. III too. (L. and E. BLocn '). 

The red lines (EDER and VALENTA) examined for constant differences 
show: 40.5; 67.2 (107.7) and 530.5. The differences 40.5 and 67.2 are 
already found by PAULSON”). PASCHEN 3) has identified these differences 
as| a -P termiot Clady 

In connection with the work of NELTHORPE and L. and E. BLocu, the 
difference 530.5 is probable a frequency difference in the Cl. I. spectrum. 
The following table contains a number of these doublets. 


Int. | A(Row) | Vena | Int. | A(Row) | aaet Av 
3 4740.51 21088 .9 3 4624.23 21619.1 530.2 
1/, 4649.1 21504.0 1, 4537.0 22034 .8 530.8 
4 4601.19 217274 3 S491 25 22259 .2 531.8 
I/y 4504.50 22193 .8 Zz 4399 . 37 PYM Pb 530.3 
4 4475.50 22337 .6 2 43 flare 22867 .9 530.3 
2 4446.35 22484. 1 10 4343.82 23014.8 530.7 
4 4438.72 22522.7 5 4336.38 23054.2 531.5 
8 4380.08 22824 .2 3 4280.61 23354 .6 530.4 
6 4369 .68 22878 .6 3 4270.72 23408 .7 530.1 
8 4363.46 Peo keh hi V2 3 4264.75 234415 530.3 
1 4333.12 23071.6 4 4235.68 23602 .3 530.7 
6 4323.53 23122.8 fi 4226.58 23653.1 530.3 
4 4304.21 23226.6 <4 4208.16 23756.7 530.1 
7 4226.58 23653.1 3 4133.83 24183.8 530.7 


It should be remarked that some of the differences found in the F. I 
and Cl. I spectrum, have approximately the ratio of the squares of the 
atomnumbers i.e. 3.57. 


Ratio. 
Fl. I 145.5 Cl. I 530.5 3.6 
BLT 12°20 | “CIA 40.5 67-2 & 3.3 


Laboratorium ,,Physica’”, Amsterdam. 


1) L. et E. BLocu: C. R. 180, 1740, 1925. SuGiuRA: Journ. de Phys. 6, 10, 323, 1925. 
2) PAULSON; Astr. Journ. 40, 289, 1914. 
3) PASCHEN: Ann. d. Phys. 71, 559, 1923. 


Microbiology. — Experiments on the differential characters of Leptospira- 
strains with Introductory Remarks on the Process of. Agglutination 
and Lysis. By Prof. W. SCHUFFNER and ACHMED MOCHTAR. 


. (Communicated at the meeting of October 30, 1926). 

In order to ascertain whether a Leptospira-strain consists of a single 
species or of different races and species which are morphologically alike, 
the methods generally used in bacteriology cannot be adopted. Leptospirae 
do not grow on solid media, or if they should do so, they are difficult of 
demonstration as this would have to be done with the “‘dark field” 
illumination. Likewise the one-cell culture, which was given a trial in our 
Institute, was considerably handicapped and failed completely. Still, such 
experiments (UHLENHUTH 1) pointed to it in his latest paper) are essential 
to our knowledge of the Leptospirae. Therefore, we have made an attempt 
to approach the solution of the problem by another method. We were 
prompted to do so by our serological experiments with a rather 
considerable number of Leptospira-strains. Beforehand we want to state 
some particulars regarding these experiments, 

When determining the agglutination and the lysis with immune sera, no 
matter whether they were derived from men or from animals, we invariably 
obtained in our experiments, and with our working-method, the results 
tabulated below. 


In taking our readings of the reaction we also took note of the smallest details. Contrary 
to the simple GRUBER-WIDAL reaction, this reaction is a complex one, ie. it determines 
at the same time the capacity of a serum for agglutination as well as for lysis. Both 
capacities have been registered, while the differences in degrees are indicated by from 1 
to 4 crosses. 

To check our results we have registered in the 3-4 column the number of surviving 
unaffected Leptospirae. To this we attach great importance, it being easiest to ascertain 
objectively whether the number of parasites in the lytic serum differs from that found in 
the control test. In accordance with this the control presents 4 crosses, just as the highest 
dilution of the lytic serum, which did not affect the parasites any more. Intermediate 
between them are the different degrees and modes of the reaction. 

The dilutions are made with drops from one and the same pipette. 

Dishes to mix water colours such as are procured by GUNTHER and WAGNER, are 
very serviceable for this purpose (Text-figure); they are sufficiently illustrated by the 
accompanying photo. With these dishes complete sterilization can be obtained. To prevent 
desiccation they are covered with a glassbell. 

To examine them with dark field illumination a loop-full is taken from the 
various dilutions in their regular order and spread on a slide, care being taken that 
they be as much as possible of the same size. Low power magnifications are used (e.g. 


1) Klin. Woch., 1926, N® 25, S. 1113. 
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‘ 
ZEISS obj. 20; ocular 10) with which the parasites can be easily distinguished and their 


movements can be completely observed. The advantage of a low power magnification 


consists in that we can do without a cover slip, and yet the picture is sharply outlined. 
The next drop is smeared close beside the first, and placed in the cone of light by shifting 
the slide. In this way we can watch quite a succession of from 12 to 16 dilutions on one 
and the same slide which saves time, and economizes material. 


The two reactions, the agglutination and the lysis, have shifted 
considerably with respect to each other. In the first dilutions only the 
agglutination accomplishes itself. With 1:10 the reaction is scarcely to 
_be noted; with 1: 25 it is more distinctly observable, but every individual 
clump still consists of only few entangled Leptospirae. Only in the next- 
following dilutions do the clumps become larger, as if they form nets with 
beautiful meshes, in which entangled Leptospirae are still distinguishable 
and betray their being still alive by their movements. Such is the picture 
generally presented to us after 16—20 hours (the time taken up by the 
readings.) When the culture stands longer, the nets begin to sink, but so 
do also the smaller clumps. The number and the size of the clumps is, so 
far as we can judge, proportional to the original quantity of Leptospirae, 
that swim about by themselves; lytic changes in these first dilutions are 
not observable at all. However, there are always some isolated specimens 
left, that have remained intact macroscopically and keep floating contrary 
to the clumped masses. 

In the higher dilutions agglutination is superseded by lysis ; the boundary 
is sometimes sharply marked, sometimes it is indistinct. The Leptospirae 
are disintegrated — we will not enter into details here — and may ultimately 
be completely dissolved. At the culminating point of the process (e.g. 
dilution 1 : 5000 after from 16 to 20 hours) the following two pictures will 
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be. presented to us: Either all has disappeared into the serum-, and the 
Leptospira-mixtures, so that the field of vision presents a blank with the 
exception.of some apparently quite intact specimens, or the granulated 
Leptospirae have united into multiform masses of a dazzling white in the 
dark field, with rounding contour-lines, which are easy to distinguish from 
the nets of the agglutinated parasites by their invariable granular structure. 
At the periphery of the otherwise motionless mass may still be suspended a 
single living spirochaeta, whose slackened movements betray its being no 
longer quite normal. 

In the formation of these clews agglutination comes first. But this 
condition is not permanent as in the first dilutions; it is followed by the 
action of the lysins which metamorphose the agglutinated nets into the 
amorphous masses above-described. These clews also precipitate. A quicker 
action of the lysins, which may occur with still higher dilutions at the 
height of the reaction, does not form clews so that the empty field of vision 
presents itself. 

When the dilution draws near to the titer-limit, this will be signalled 
distinctly by the increase of the isolated, swimming Leptospirae. The 
conclusion’ of the reaction almost coincides with that dilution with which the 
picture and the concentration of the control is attained again. 

Not infrequently a 3™4 form of accumulations occurs in this stage, that 
we are inclined to term “foci” 1). 

The typical forms look like stars, having a solid nucleus of a snowy, 
lustrous appearance, and being provided with an aureole of Leptospirae, 
whose free extremities are briskly swinging about in their well-known way. 
On closer inspection also the nucleus is seen to move, which is a sign of its 
being streaked with living spirochaete. They can easily be discriminated 
from the disintegrated, dead masses by their shape as well as by their 
multifarious mobility ; so they can also readily be distinguished from the 
finely knitted nets of the agglutination. These “foci” are net seldom seen to 
.arise spontaneously in the cultures?), for which we could not find an 
explanation. So we have to ask whether, after the conclusion of the reaction 
proper, we still may conceive their occurrence in the dilutions, to be the 
last effect of the immune serum. In cases where a coincident control did 
not bear this out, it is difficult to abandon the idea of even a very 
remote influence. 

The process here expounded, which was of common occurrence with 
potent human sera or animal sera, at a reading after 16—20 hours (after 
2 hours the reaction is generally not quite finished) diverges in more than 
one respect from what has hitherto become known in the literature. (INADA 


1) This appellation seems to us more appropriate than agglomeration, or conglomeration 
which processes are hardly distinguishable from agglutination. 

2) It is above all our water-strains (L. pseudoicterogenes Uhlenhuth-Zuelzer) that showed 
this tendency. = 
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& Ipo, UnLENHUTH & Fromme, HANDEL, UNGERMANN & JANISCH, 
DieTRICH, JACOBSTHAL, ZUELZER, Martin & Pettit, BARMANN, and 
others.) Some fundamental points kave already been discussed by 
WoLFF 1) and RADEN SOESILO 2). 

To begin with, it is striking that the lytic effect on the Leptospirae occurs 
without complement, a fact that has not always been sufficiently laid stress 
on. Strictly speaking this is not quite true, for we are working with active 
serum. But the quantum of complement, this available for the reaction is 
in the dilution where the lysis begins (+ 1: 250) already negligibly small. 

To avoid even this negligible source of error, however, we also made 
control-reactions with sera which had been inactivated at 56° for half an 
hour; these reactions yielded completely the same results. Consequently 
the lysis and bactericidal action occurring with Leptospirae, cannot be a 
complex process in the sense of the reaction common with bacteria, but they 
must originate in another way, as they differ fundamentally from the latter. 

HANDEL, UNGERMANN and JANISCH believed to have observed after 
inactivation of the serum not a complete inhibition, but still a weakening 
and a slackening of the lytic reaction. Meanwhile the difference was by 
no means significant, and does not take away from our observation, which 
moreover, was made exclusively with a low dilution of serum, while our 
experiments concern only the high, the thousandfold dilutions. 

Furthermore it appears that the lytic power of the immune sera in the 
first dilutions is completely inhibited. The Leptospirae remain alive in the 
concentrated serum-solutions, only in the higher solutions do lysis and 
bactericidal actions take place. This inhibition is in its action in vitro 
equivalent to the phenomenon of NEISSER—WECHSBERG. Whether it is 
also of the same nature, we will leave undecided. Neither can we give an 
interpretation of the remarkable phenomenon. In the case of Leptospirae 
a deviation of the “Complementablenkung”, cannot be applied as the lysis 
proceeds without complement. This method, ingenious theugh it may be, 
has proved untenable for bacteria. The only thing we know is that in vitro 
a high dilution is required energy of the specific substance into a kinetic, by 
dissociating the molecule of the specific substance and unchaining its 
specific force. 

We now come to the main point, viz. the fact that with these reactions 
there are always a number of Leptospirae that escape from the effect of 
the specific substances. Even in the dilutions where the action of the 
lysis — which we now have in view — is most intense, seme Leptospirae 
remain entirely unaltered, and retain their characteristic brisk mobility. 
This cannot depend on the concentration of the serum, for this mobility 
does not cease either in the preceding, or the following dilution. Most 


1) Wo tFF, S. W., Thesis, Amsterdam, 1924. 
Arch. fiir Schiffs- und Tropen Hygiene, 1925. 
2) RADEN SOESILO, Thesis, Amsterdam, 1925. 
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likely these survivors escape from the attack of the immune bodies, because 
their receptor-apparatus does not contain a group that suits these bodies. 

Our next proceeding now was to make fresh cultures with the survivors, 
and then to establish by repeated tests with the immune serum, whether 
and how far the daughter strain had become different from the mother- 
strain. True, we did not start from a single cell then, but from quite a 
number of germs. But all these parasites that could easily be isolated, 
had one property in common, viz. that of resistance. If the strain originally 
examined, was composed of more than one race, there could not be a more 
favourable opportunity for their separation than here, whcre in the liquid 
only the specimens with aberrant properties were left behind. 

After what has been said here, the technique required for our experiments, is a very 
simple one; due precaution should, however, be exercised to ensure sterility. Well- 
grown cultures should be taken, i.e. the Leptospirae should be quite motile, and of a 
normal size, so they should not be grown into long threads, and not have formed “foci”. 
Now immune serum is added, and we test out the required dilutions, so as to attain the 
highest possible lytic action. After from 18 to 20 hours the last remains of the disinte- 
grating Leptospirae have sunk to the bottom, the supernatant fluid only contains the 
resistant forms in an even distribution. If necessary the separation can be accelerated by 
centrifugation (at a moderate rate e.g. 1600 turns). Living, quite motile Leptospirae can 
withstand a moderate rate of centrifugation, without being precipitated. 

The survivors are transplanted into new culture-tubes!), care being taken that the 
dilution of the immune serum in the subculture does not exceed the titre-limit, otherwise 
the immune serum, that has been transferred to the subculture, together with the survivors 
would check their growth considerably. For the rest it struck us that the first growth of 


these daughter-cultures was more tardy, so that we had to wait longer than usual for 
growths copious enough for the reaction. 


The result of the reaction fell short of our expectation. As the tables 1 
and 2 illustrate, from the resistant forms of strain BA another strain had 
developed, that showed the original properties of the mother strain. No 
differences worth mentioning between mother-, and daughter-strain were 
observable either in quality or in degree. A repetition of the experiment 
with the “Franken’’-strain gave the same pictures. So, though the result 
was negative, it led to the following consideration and conclusion. __ 

1°, In cultures composed of one species and cultivated from diseased 
persons and animals a small number of Leptospirae are regularly developed 
that resist the antibodies, which destroy the bulk of the organism. They 
may be isolated and transplanted, but they do not inherit their individual 
property of resistance. The strain regains the properties of the original 
culture, from which it emanated, and in which resistant forms are 
the exception. 

What we can watch here in vitro, gives us an insight into the process 
occurring in vivo in various Spirochaetal-, and Trepanosome-diseases. 


1) VERVOORT'S Culture medium. 
1% Pepton Witte, boiled with Normal Phosphoric acid brought to + P.H. 6.8; 


again boiled, then filtered. After this 5—10 /p rabbit's serum is added, and of this mixture 
3.3 c.c. is put in small sterile tubes. Keep for !/2 bour at 56°. 
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TABLE I. 


Reaction with strain “BA"’ and its antiserum. 


Mother culture 


Daughter culture 


Dilution 

Aegon | Lysis | Survivors || ASG | Lysis | Survivors 
Control 0 0 See 0 0 pale 
Peay Pr08 CP ee . reaneee ee a gine 
ng 25d ee + ry 0 7 
1: 50. | +++ | 0 + +++] 0 + 
1: 100 | +4++4+ | 0 ~ Fe a) a 
1: 250 | ++ + + an + + 
B53).5000 ache ++ | + + ++ | + 
eae ser ame 0 jae laee 
1: 2500 | 0 tt f+ 0 so ae 
1: 5000 0 +++ | + 0 sith | ok 
1; 10000 | 0 ++ | 4+ 0 +++] + 
1: 25000 0 + +4 0 fis Aiba 
1: 50000 0 0 4+ 0 0 Sa a 

TABLE II. 

Reaction with “Franken” strain and its antiserum. 
Control 0 0 oe On le Oo EES. 
l IO ah 0 aie +++] 0 4+ 
: 25 =! teh 0 aP Sire acl p ks + 
1: 50 | +++ | 0 + ++ | + a8 
bz? 100 -} 24>} + + = ++ | + 
Ii 250°) area kas + ++ | + 
ti 500,410 +++] + 0 +++) + 
1: 1000 | 0 +++] + Om t+ | + 
Dit 2500) a) 0 +++ | + 0 poo} 
1: 5000 | 0 oo ee 0 owe 
1: 10000 0 ++ ++ 0 +-++ ++ 
12500050 + tt 0 te soa 
1: 50000 | 0 + ae 0 + oe 
1; 100000 | 0 0 ++4+++ || 0 0 +++ 
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Under the influence of the immune bodies formed, a wholesale destruction 
of parasites take place, e.g. in Recurrens, towards the termination of the 
attack, also with the sleeping-sickness at definite intervals, however, without 
a complete purification of the body resulting from it. Here it is presumably 
also the resistent forms that cause a continuance of the infection in the 
body, until, after the diminution of the immunizing properties, they reach 
the phase again at which their increase is not inhibited, and they can incite 
symptoms of disease. ‘Then it would not be necessary to have recourse to 
the hypothesis that surviving parasites keep hidden in nooks and corners 
inaccessible to the immune bodies. The same might happen in Weil's 
disease. Beyond the crisis of the disease the Leptospirae disappear from 
the circulation, and from the organs with the exception of a few viz. the 
resistant forms which can hardly be recognized in the animal experiment. 
(Inoculation with organ-emulsion.) That after the wholesale destruction 
some still remain in the body is proof of the often prolonged Leptospirursia, 
by ‘which living parasites, highly virulent for animals, are secreted. They 
no longer exert a pathogenic influence, and their multiplication in the body 
remains limited, while of their progeny only the exceptional individuals i.e. 
the resistant forms, can maintain themselves, The remaining ones succumb 
soon after their coming into existence, and for some time keep up, and even’ 
promote the stimulant to form antibodies (by liberation of endotoxin ?). 
This conception based upon our experiments, would render guite conceivable 
the ultimate disappearance of the infection from the body. 


Still the comparison sustained in the above should not detract our attention from another 
possibility to explain the secretion of the: living Leptospirae. The Leptospirae in the urine 
need not have emanated from the organs, or the circulations, but may as well (e.g. in 
the rat) originate from the lumen of the tabuli contorti. Once there, they have, strictly 
speaking, left the body already and live on the outside, where they, being out of the 
reach of the immune bodies of the blood and the tissues, can reproduce themselves 
undisturbedly as ectoparasites. The rat, as could be ascertained, becomes a permanent 
carrier. In man, however, we see, for reasons unknown to us, the infection disappear 
again after rather a short time, a few months at most. 


2°. The fact that the progeny of the survivors, is perfectly agglutinable 
and lysable, we should like to consider as a proof of the marked persistence 
of the serological properties. For this reason we give the preference to 
the serological reaction in vitro as a means to differentiate the several 
Leptospirae series, on account of its constant and well-marked results. 
No doubt also the culture-method, used and recommended by UHLENHUTH 
(““‘Wachsthumverfahren”) as well as the method adopted by OBA in 
Miss ZUELZER’s laboratory, enablés us to make a sharp differentiation, 
but these methods are complicated and take much time; perhaps they are 
also less reliable, as with the culture-medium a factor is introduced, that is 
not always quite known, or controllable. According to our experience the 
method of crossed immunization is hardly suitable. In numerous experiments 
we made the observation that to sustain the disease by one strain protected 
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likewise against other strains, which, serologically, did not show the least 
affinities with the first. Differences remained hidden here, that became 
evident by the lysis in vitro. This reaction requires our attention for the 
further elucidation of the Leptospira-problem. In our next paper we shall 
discuss these results in detail, which are of great significance for the 
diagnosis. Finally PFEIFFER’s test proved distinctly inferior to the 
serological reactions of agglutination and lysis in vitro, 

This conception does not quite agree with Miss ZUELZER’s 1) experiments 
with water strains. In these experiments two waterstrains became 
pathogenic after having been cultured continually for years, and (which 
is most remarkable) they assumed the serological properties of the 
Weil-strain. We repeated these experiments which are of fundamental 
importance, but up to now we only registered negative results, just as VAN 
THIEL 2) (Leyden) did; i.e. 3 waterstrains, isolated by us, retained their 
typical features, in spite of repeated transplantation. But we are still 
continuing these experiments after UHLENHUTH’s modified method (culti- 
vation on rat’s serum). Also in our Weil- and rat-strains, of which we 
possess three varieties, we saw during years of transplanation no change 
in their typical, well marked, serological properties, while it is well-known 
that the virulence fluctuated within very wide limits. This is why we 
should like to stick provisionally to our view that a safe index (probably 
the safest) of differentiation is furnished by the serological properties of 
the Leptospirae. 

Our method of cultivating strains from survivors might be successfully 
applied, when mixtures of different Leptospirae are the chief concern. As 
such are to be considered all inoculations from water that contains besides 
the typical, harmless water Leptospirae (L. pseudoicterogenes) also species 
pathogenic for rats and men. 

This presence of highly infectious Leptospirae was raised beyond all 
doubt in Holland lately by a number of cases of Weil's discase, which had 
resulted from an unintentional bath in very filthy water, by which an abund- 
ance of water was swallowed as it were experimentally. If a culture be 
drawn from suchlike questionable water, and if the saprophytic Leptospira 
should be precipitated by the admixture of antiserum, the homologous resist- 
ant forms among the survivors, as well as the heterologous Leptospirae (if 
they should be present at all), which have nothing to do with the serum, 
would be retained. By a repetition of this process it should be possible to 
eliminate the water strain and ultimately to extract the parasitic strain in a 
pure condition, - 


1) Centralbl. f. Bact. 89, 1923. S. 117. 
2) Paper read in the Microbiological Society. Ned. Tijds. voor Hyg. en Microb. 1926. 


Physics. — The Duration of Metastable States of Neon, Argon, and 
Helium. By Prof. H. B. DorceELo and T. P. K. WaAsHINGTON.. 
(Communicated by Dr. G. Hotsr.) 


(Communicated at the meeting of October 30, 1926). 
1, Introduction, 


In a former communication!) a few experiments have already been 
described in which the order of magnitude of the duration of the metastable 
2s5~ and 2s3-states of neon was measured. 

The results of continued measurements concerning the dependence of 
this duration on the temperature, and also results of measurements of the 
duration of the metastable 23P)- and 23P,-states of mercury were com- 
municated in the journal “Physica” 2). 

As criterion of the presence of the metastable states of the atoms was 
used the absorption in consequence of these states of those lines that 
correspond with transitions, in which these metastable states are the final 
states. Measurements were made of the time that an absorption tube, after 
the interruption of the discharge through which the metastable states are 
excited, was still able to absorb the lines in question of another discharge tube. 

In what follows we can now communicate the results of continued 
measurements on argon and helium. For neon we have also determined the 
dependence on the pressure of the duration of the s;-state at different 
temperatures, which enabled us to discuss more fully the before-mentioned 
suppositions of JOFFE and FRANCK) concerning the process of the 
disappearance of the metastable s;-states. 

In order to be able to study better the course of the disappearance of the 
metastable states in the different gases and under different circumstances, 
the method used before was modified in so far that quantitatively the 
disappearance of the absorption could be measured in its dependence on the 
time. The curves thus obtained give an idea of the slow disappearance 
of the metastable state in the absorption tube. 


1) H. B. DoRGELO, These Proc. Vol. 27. N®. 1, p. 7. Zs. f. Phys. 34, 766, 1925. 
2) H. B. DORGELO, Physica 5, 429, 1925. 
3) For mercury further investigations were made on this point by FRANCK and CARIO, 
Zak. Physi, 37, 619) 1926; 
3 


Proceedings, Royal Acad. Amsterdam. Vol. XXX. 
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2. The Method Used. 


In the investigations carried out now we have first used the method II 
described before 1), in which by the aid of two rectifiers one half period 
of a transformed alternating current was sent through an emission tube, the 
other half period through an absorption tube. The light of the emission 
tube was sent as a parallel beam through the absorption tube, and then by 
the aid of a second lens projected on a vacuum thermoeiement of MOLL 
and BURGER 2), which was connected with a galvanometer. 

At a definite frequency of the alternating current the value of the 
absorption in consequence of the metastable atomic states in the absorption 
tube, when the same half period of the alternating current was sent through 
both tubes (emission tube and absorption tube), was compared with the 
value of the absorption, when one half period was sent through the 
absorption tube and the other half period through the emission tube. 

For the ideal case that the passage of the current through the absorption 
tube and through the emission tube takes place exactly in the middle of the 
half period(hence at the maximum tension during the half period), the 
absorption in the absorption tube is measured (with an alternating current 
of 50 periods) in the first case at the moment wher the metastable 
states of the atoms are excited, and in the second case 1/,99 sec. after 
their excitation (with the use of an alternating current of 500 periods 
1/, 509 sec, after the excitation etc.). By repetition of these measurements 
with other frequencies of the alternating current, the slow decrease of the 
absorption with the lapse of time may be followed. 

In reality we have not to do with the above-mentioned ideal case of 
passage of the current through the tubes, but the current will continue for a 
pretty great part of the half period (if no particular precautions have been 
taken). This circumstance determines, of course, in a great degree the 
accuracy of the values of the duration found by this method. Oscillographic 
records of the current through the emission and absorption tubes really 
showed that, with the arrangement used (method II), the duration of the 
surrent gusts through the tubes was not small in relation to the duration of 
the half. period of the alternating current, (See Fig. 2a.) 

We have then tried in various ways to render the time of the duration 
of the current gusts through the emission and absorption tubes as short as 
possible. We obtained the best results with the arrangement (to be denoted 
further as method III), which is represented diagrammatically in fig. 1, 
and which was used for the final measurements. The anode current of 
an emiission lamp T, was sent through the emission tube E, that of an 
emission lamp T, through the absorption tube A. Two Philips triode-lamps 
Z. 4, anode tension 2000 V. were used. 


1) Loc. cit, Physica 5. 433. 1925. 
2) W. J. H. MOLL and H. C. BurGer, Phil. Mag. 50, 618, 1925. 
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Alternating tension (of which the number of periods could be varied) 
was applied to the grating and in series with this a high negative continuous 


e20V. 


Fig. 1. 


tension. By a suitable choice of the strength of the alternating tension and 
of the negative uniform tension it could be arranged that only during a short 
time of the half period during which the positive phase of the alternating 
tension was applied to the grating, the sum of the positive alternating 
tension and the negative tension of the battery was just sufficient to yield 
the desired anode current. 

By cutting out the short-circuit switches P and Q the oscillograph could 
be placed in series with the discharge tubes. 

By means of the commutator O it was possible to apply the same or else 
the opposite phases of the alternating tension to the two gratings. 

Fig. 2 gives some reproductions of the oscillographic records of the 
current through the discharge tubes. In Fig. 2a the current-time curve 
through the emission tube is given at 20 mA, method II being used; Fig. 26 
with use of method III, and at the same mean intensity of the current. The 
great difference in duration of the current gusts and the great advantage 
of method III is very apparent. 

Fig. 2c gives an oscillographic representation of the currents through 
absorption and emission tube with opposite phases of the alternating tension 
at the gratings, 

For the case that opposite phases were applied to the gratings, we could 


measure from the oscillographical records of the current through the 
3* 
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tubes, the length of the time interval between the end of the discharge 
through the absorption tube and the moment of maximum intensity of the 
current through the emission tube. 


Fig. 2. 


The voltmeter V served for the determination of the alternating tensions 
applied. This arrangement in combination with the before-mentioned 
thermo-electric-galvanometric method is very suitable for examining how the 
durations of the metastable states depend on the states in the absorption 
tube 1), 

Besides we could now also determine the order of magnitude of the duration 
of the 2s-state of helium. As in this case the absorption of the ultra-red 


line 10830 A had to be used as criterion, photographic or visual observation 
was not possible, 


3. Results. 


Before mentioning the results obtained we refer to fig. 3, in which 
energy levels of helium, neon, argon and mercury are represented 


1) Instead of the thermo-electric galvanometric method we could of course use now, as 
before, a spectral apparatus, and measure the absorption of different lines separately. 

As it was, however, our purpose in this investigation to inquire more closely into the 
circumstances that determine the duration of the metastable circumstances, the method used 
now takes much less time. 
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diagrammatically (in volt scale), The metastable energy-levels occurring with 
these elements are denoted in these figures by enclosing the notation (e.g. ss 
and sz for neon) of the levels in a square. For the sake of clearness the 
splitting up of the s-levels of neon and argon is represented slightly enlarged. 
Such a combination of different schemata of levels in one figure gives a 
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Fig. 3. 


lucid survey of certain processes, in which metastable atomic states 
play a part. Among other things it is, e.g. clear that an excited helium 
atom in the 21S—-(2S)-state has sufficient energy to bring a neon atom 
into the 4sy-state through a collision of the second kind!), and can thus 


excite the line 1p—4sg. 


a. Neon. 
The results for neon already mentioned in our previous communications 


were now extended by examining the disappearance of the metastable 


1) H. B. DoRGELO and J. H. ABBINK, Physica 6, 153, 1926, 
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states of neon with the time elapsed and this at different pressures and 
temperatures. 

In fig. 4 we have drawn as abscissae the values of t measured from the 
oscillographic records of the current-time curve which elapse on use of 


different frequencies between the end of the discharge through the 
absorption tube and the time of maximum intensity of the current through 
the emission tube ; as ordinates the ratio of the absorptions at the times ¢ and 
those at the time t = o. Both curves refer to the same absorption tube 
(diameter 46 mm.), for the curve A the neon pressure was 2.07 mm., for 
the curve B 7.1 mm. 

It is clearly seen that the absorption left after a definite time, hence also 
the duration of the metastable states, is smaller at a pressure of 7.1 mm. than 
at a pressure of 2.07 mm. 

Fig. 5 (result of measurements in which the pressure in the absorption 
tube was varied with constant frequency of the alternating tension at the 
gratings of the triode lamps) gives a still better idea of this dependence 
on the pressure of the duration of the metastable states of neon. The curves 
represented in this figure were obtained in the following way. Each curve 
expresses the results of a series of measurements at definite frequency of 
the alternating tension at the grating of the triode lamps, but at different 
pressures of the neon in the absorption tube. At the different pressures the 
following values were determined : 

1. the value a of the absorption when equal phases of the alternating 
tension were applied at the gratings of the two emission lamps. 

2. the value b of the absorption when opposed phases were applied. 
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The ratio — is drawn in fig. 5 as ordinate. The greater this ratio, i.e. 


a 
the greater the absorption left after a half period 1), the greater is the 
duration of the metastable states of the atoms. 
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Fig.5. 


It is very clearly seen that this duration (passing from higher towards 
lower pressure) first increases, reaches a maximum, and then again 
diminishes. 

At higher pressures (e.g. at 8 mm. pressure) the diffusion of the excited 
metastable conditions towards the wall plays as yet hardly any part. If, 
however, the number of collisions of the first kind of the metastable states 
with normal neon atoms is considered, in which sufficient energy can be 
transferred to bring a metastable neon atom from the s;-state into the 
s4-state, this number decreases at lower pressures and consequently the 
duration becomes greater. If the pressure becomes much smaller, the 
influence of the diffusion of the metastable states towards the wall will 
gradually begin to preponderate, so that with a given diameter of the tube 
a maximum of the duration will be found, while at still smaller pressures 
this duration must rapidly diminish. 


The Influence of the Diffusion and of the Collisions of the First Kind. 


In fig. 6 the ordinates of the curve I represent for different pressures 


1) As we already set forth at greater length under 2. in the description of the method 
used, the time interval between the end of the discharge through the absorption tube and 
the passage of the light of the emission tube through the absorption tube is actually shorter 
than a half period and may be derived from the obtained oscillograms of the currents 
through emission and absorption tube (see fig. 2). 
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in the absorption tube, the calculated percentage of the metastable neon 
atoms present at the time tf — o, which after the lapse of 1/259 second 
would have been left, if the metastable atoms disappeared through diffusion 
to the wall; assuming in this that a metastable atom loses its energy on 
collision with the wall and that the metastable atoms are uniformly 
distributed over the tube at the time t = o. 

For the calculation of these curves use was made of the relation: 


—aix't 
Ne=Nj 24.56 # 


m 


in which Ny = the number of metastable atoms in the tube at the time t =o. 
a? the diffusion constant, 
Xm the roots of Bessel’s function Jo, 
and d the radius of the cylindrical absorption tube used. 
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Fig. 6. 


The ordinates of the curve II in this figure give the percentage that would 
have been left, if the metastable atoms disappeared exclusively by collisions 
of the first kind. The constant required for the calculation of this curve was 
derived from the experimentally derived curve of fig. 4 (valid for a pressure 
of 7.1 mm., at which pressure the diffusion does not play a part as yet within 
the time of 1/559 second). 

In order to obtain the result of the two processes (hence both of the 
diffusion towards the wall and of the collisions of the first kind), we have 
to multiply together the ordinates of the two curves. Curve III in fig. 6 
represents the curve obtained in this way. We see that its shape is in 
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perfect harmony with those of the curves of fig. 5 found experimentally. 

That experimentally (for 122 per.) we found a higher maximum than 
the theoretical curve of fig. 6 indicates, is owing to the fact that the 
disappearance of the metastable atoms present at the time f = o really 
proceeds more slowly, especially at the higher pressures, than is expressed 
by the curve I of fig. 6. As has been said, in the calculation of this curve it 
was assumed that the metastable atoms were distributed uniformly over the 
tube at the time t = o. 

With the absorption tube used we see clearly, however, that the atoms 
are excited over the full breadth of the tube on a discharge of the 
latter only at very low pressures; as the pressure becomes higher, 
the discharge is more and more confined to the central part of the tube. 
In consequence of this the disappearance of the excited metastable atoms 
through diffusion towards the wall will take place less rapidly than is 
rendered by the curve I of fig. 6. The maximum of the resulting curves 
will also lie higher1). 

In connexion with these results Dr. Ho_st remarked that, at very 
low temperatures, at which, as already appeared from our earlier 
measurements 2), the collisions of the first kind no longer play an important 
part, we ought to find that the diffusion would become predominant 
at higher pressures, and that therefore e.g. at the temperature of liquid 
nitrogen the maximum of the curves of fig. 5 ought to shift towards 
higher pressures. 

The dotted curve of fig. 5 gives the results of measurements with an 
alternating tension of 50 periods, the absorption tube having been cooled 
with liquid nitrogen. We see that the maximum of this curve lies at greater 
pressure. We further see here that at —196° C. the curve for 50 periods 
lies much higher than the traced curve for 50 periods, which is valid for 
room-temperature, ie. the number of metastable states that are still left 
in the tube after 1/199 sec., is much greater at —196° C. than at room- 
temperature. This too, is in harmony with the conception of the destruction 
of the metastable states by collisions of the first kind with the other neon 
atoms in the normal state. 


b. Argon. 

From the investigations of K. W. MEISSNER®) on the absorption of 
argon lines by excited argon-atoms and his analysis of the red argon 
spectrum and also by the investigations of the red argon spectrum 


1) (As we have to do with the diffusion of excited atoms, hence with particles with 
greater diameter than the normal atoms, the diffusion constant will be smaller than that 
for normal atoms. In our calculation of the curve I of fig. 6 we have, somewhat arbitrarily, 
assumed a diffusion constant four times smaller than the gas-kinetic one for normal atoms). 

2) Loc. cit. Physica 5. 434. 1925, 

3) K. W. MEISSNER, Phys. Zs. 26, 686, 1925; Z. f. Phys. 37, 238, 1926; Id. 39, 172. 
1926. 
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in the extreme ultra-violet by LYMAN and SAUNDERS !), HERTZ?) and 
DorGELO and ABBINK 8), a close analogy has been established between the 
neon and the argon spectrum. Also argon has two metastable states 
(indicated in fig. 2 as the 2s;- and the 2sy-states of argon), which clearly 
appears from the fact that with argon there are also only two resonance lines 
\ 1048 and \ 1066 in the extreme ultra-violet. The transitions from the 
2s3- and 2s;-states to the fundamental state do not take place, 

In fig. 7 we give a reproduction of some photographs, which very clearly 
show the absorption by the excited metastable argon-atoms. 
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Spectrum I gives the reproduction of a photograph *) of part of the argon 
spectrum in the ultra-violet of an argon column, again without absorption 
of the light of this column by excited metastable states of argon, spectrum II 
with absorption. The great absorption of the lines marked with crosses 
(combinations with the 2s;-state of argon) and with a circle (combination 
with the 2s3-state of argon) is very apparent. 


1) TH. LYMAN and F. A. SAUNDERS, Nature 116, 358, 1925. 

2) G. HERTZ and J. H. ABBINK, Naturwiss. 14, 648, 1926. 

3) H. B. DORGELO and J. H. ABBINK, Naturwiss. 14, 755, 1926. 

4) These. photos were taken with plates which had been sensitized with dycianine, the 
stigmatic arrangement of the grating of our physical laboratory being used. The step- 
wise weakening of the spectrum lines was obtained by the aid of a quartz-platinum 
gradual weakener placed before the slit. We wish to draw attention to the efficiency of 
these step-by-step weakeners also in this part of the ultra red region of the spectrum 
examined by us. In the reproduced lines A 8264 (Ist order) and A 4158,6 (2nd order) 
it is clearly seen that the weakening action of the different parts of the weakener is pretty 
well the same for both wave-lengths. Combining these results with earlier measurements 
in the ultra-violet, we may now say that these quartz-platinum weakeners are very efficient 
in a wave-length region of from 9000 A to 2200 A. 
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Just as with argon, this absorption by the metastable states could 
be used to determine the duration of these states in argon. For this purpose 
we used method III described in this paper. 

It appeared at once that the duration of the metastable argon atom 
states depended in a great degree on the impurities present in the tube. 
In particular the addition of hydrogen appeared to exert a strongly 
destructive influence on the metastable states of argon 1). 

It was, therefore, of great importance to purify the argon as much as 
possible. We have applied several methods of purification to make the 
argon, which had been obtained by distillation of solid argon, still purer 
if possible. Among other methods the following were tried: purification 
by means of Na, or Mg, spluttering of Ca and Wa and circulation over 
heated CuO; further addition of small traces of Og during the discharge, in 
which the water vapour, if any had formed, was condensed with liquid air, 
and the excess of Oy was removed by evaporation of Wo. The result of 
all these methods of purification was that at low pressure it was quite 
possible (especially by purification by means of Wo-vapour) to get the 
argon so pure that in a discharge through the tube only the argon lines 
appeared. At pressures of 1 cm. and higher the colour of the discharge of 
the column (current density about 1 mA/cm2.) was always grey. If, 
however, at these high pressures the current density was increased, this 
grey discharge disappeared, and the line spectrum of argon reappeared. 

Spectrographic records of the quartz spectrograph of this grey argon 
discharge 2) gave a continuous spectrum, which extended over the entire 
spectral region of the quartz spectrograph. 

This grey ‘argon,’ discharge had already been observed before in this 
laboratory by Dr. PENNING, in his attempts at purifying the argon required 
for his measurements of the anode-heating. PENNING also, always obtained 
the grey column discharge at bigher pressures, however carefully the gas 
had been purified. 

We have, so far, not been able to ascertain whether this continuous 
spectrum, which appears at higher pressures of the argon in a column 
discharge, really belongs to argon, or whether it might, possibly, be due 
to very small traces of residual hydrogen. Different experiments on this 
point (which are still in progress) render it probable that the latter is 
really the case. 

With regard to our results of the measurements of the duration for the 
metastable states of the argon atom, we may state that we had already 
been able to detect a perceptible absorption by the metastable states of 


1) Very probably the Lyman bands of Hp are excited by collisions of the second kind 
of the metastable states of the argon atom with H2 molecules (Cf. E. E. WITMRR, Proc. 
Nat. Acad. Amer. 12, 238, 1926). 

2) This. column discharge was excited in a tube provided with a quartz window, which 
had been fused to glass. Hence the whole tube could be pumped at temperature (+ 350°). 
Besides, spluttered Mg was present in the tube. 


at 


the argon atom by means of method I (with rotating disc) 1) about 
1/7, sec.2) after interruption of the current by the absorption tube. 

In fig. 8 is found a curve obtained by method III, representing the value 
of the remaining absorption in its dependence on the time (argon pressure 


tin sec 


Fig. 8. 


in absorption tube 0.11 mm.; inner diameter 46 mm.; abscissae and 
ordinates of fig. 7 analogous to those of fig. 4 for neon). 

Just as for neon, we have also made measurements at different pressures 
of the argon in the absorption tube. We found a maximum duration of 
the metastable states of the atom with the given diameter 3) of the tube at 
about 0.1 mm. pressure. 

Repeated measurements yielded the same result. 

Summarizing the results obtained for argon, we get the following: 

1. With thoroughly purified gas durations of the metastable states are 
found which are still greater than those that are measured for neon. 

2. The durations of the metastable states in argon are influenced by 
added impurities (especially hydrogen) in a much greater degree than they 
are in neon, 


c. Helium. 
As is shown in fig. 3, there appear in helium two metastable excited states 
(2s- and 2S-states). The metastability of these states was proved by 


1) Zs. £. Phys. 34, 766, 1925; Physica 5, 431, 1925. 

2) Communication at the XXIVth Flemish Physical and Medical congress, held at Ghent 
on April, 11th 1926. Compare Wis- en Natuurk. Tijdschrift (organ of the Flemish Physical 
and Medical Congress) III volume, p. 65, 1926. 

3) The curves of fig. 5 of Neon had been obtained with a tube of the same bore. 
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PascHEN’s well-known researches 1) on the absorption by excited 
helium atoms. 

In order to determine the duration of the 2s-state by our method, the 
course of the absorption with time of the line 10830 A in the ultra-red 
should be followed. This line was filtered out in the way indicated by 
PASCHEN by the aid of a water filter in combination with a Wratten-filter 
for ultra-red. As by our method III (triode lamp with 2000 V. anode 
tension) we could not get passage of the current in the helium tubes used, 
we give in fig. 9 curve I obtained by method II. 

The helium pressure in the absorption tube used (diameter 32 mm.) was. 


abs in % 
100} 


5 mm.2). Curve II represents the theoretically calculated curve, which 
indicates the disappearance of the metastable states with course of the time 
through diffusion towards the wall. In this it was assumed that every 
atom in the metastable state loses its energy on collision with the wall ; 
further as diffusion constant that calculated from the gas-kinetic data was 
assumed. As we have to do here with the diffusion of excited atom states, 
which have greater diameter than the atoms in the normal state, the curve 
will, in reality, have to be somewhat higher. In consequence of the 
drawbacks already mentioned, which belong to method IJ, curve I will have 
to lie slightly lower. From results concerning the disappearance of the 


1) RF, PASCHEN, Ann. d. Phys. 45, 625, 1914. 

2) The helium used was obtained according to HERTZ's diffusion method from a Ne-He 
mixture. In the column discharge exclusively He-lines appeared and no Ne-lines were any 
longer to be seen. 
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metastable state found for the 2s-state, we are, therefore, justified in 
concluding that the disappearance of the metastable 2s-states of He after 
interruption of the current through the absorption tube is entirely determined 
by the diffusion to the wall. On account of the great difference of energy 
in helium between the metastable 2s-state and the next higher energy- 
condition it is not possible that the metastable 2s-states are brought to a 
higher state of energy by collisions of the first kind with normal 
helium atoms. 

Attempts to determine the duration of the 2s-states have so far yielded 
no result. For this it was required to filter out only the line 20852 A 
from the radiation of the emission tube. According to PASCHEN biotite may 
be used for this purpose. It appeared to us, however, that the biotite kindly 
put at our disposal by Prof. RUTTEN of Utrecht, could not be used for 
this purpose, 


N.V. Puitips Gloeilampenfabrieken. 


Eindhoven, Oct. 13, 1925. 


Physics. — Influence of the Pressure on the Electric Conductivity of 
Gold. (Preliminary communication). By A. MICHELS, P. GEELS, 
and Miss C. VERAART. 17th communication of the VAN DER 
Waats-fund. (Communicated by Prof. J. D. vAN DER WAALS Jr.) 


(Communicated at the meeting of October 30, 1926) 


In our previous communication!) we already drew attention to the 
desirability of determining anew the influence of the pressure on the 
electric conductivity of metals, and we recommended to do so at smaller 
pressure intervals than earlier observers. 

By the kind assistance of Dr. C. Hoirsema, Government Mint Master 
at Utrecht, we were put in possession of a quantum of very carefully 
purified gold, which was drawn out into wire of a diameter of '/,) mm. 
by the firm of HEREAUS at HaNAu with particular precautions. 

In order to compare the degree of purity with that of the material 
used by former investigators, — in which we had particularly in view 
P. W. BRIDGMAN?) — we determined the influence of the temperature 
on the resistance of our gold wire. 

If we put the resistance of the measuring wire at 0°, 26°, and 34° 
resp. at Ro, Ry, and R34, the temperature-coefficient was for our metal: 


R34 ir Roe 
Ry (34— 26) 


the corresponding coefficient of the gold used by P. W. BRIDGMAN 
being 0.00394. 

From the equality of the two values we may conclude to a sufficiently 
equal degree of purity of the two metals. 

We must, however, point out that a small difference still remains 
possible, because the hardness of the material may have an influence on 
the temperature coefficient, though it is not to be expected that this 
influence will be great for gold with its regular structure. 

Secondly we thought we had to conclude from our values that also 
the temperature-coefficient experiences a slight influence from the fact 
that the gold wire was put under pressure. 

The latter influence, too, lies at the limit of our accuracy of observa- 
tion, so that we shall not be able to get a decisive answer to this 
guestion save by further measurements. 


= 0,00391 (+ 0.00001), 


1) These proceedings 35, (1926), 578. 
2) Proc. Amer. Ac. 52 (1917), 601. 
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As BRIDGMAN subjected the gold wire to a pressure of 12000 atm., 
and we so far only reached 250 atm., it was possible that there too 
a small source of deviation was to be found. 

Before we proceeded to the measurement of the influence of the 
pressure, an investigation was made into the validity of the known 
formula on the increase of temperature of the wire in consequence of 
the measuring current 


~ Ker 
dt 


This investigation had, at the same time, the purpose of finding the 
value of the constant in the formula, in which k is the constant in 
guestion, @ the specific resistance, d the diameter of the wire, i the 
intensity of the current, and dt the increase of the temperature resulting 
therefrom. 

This constant did not in itself interest us so such, but we wanted to 
ascertain what was admissible for the gold wire as a maximal current, if 
the increase of temperature of the wire was not to exert any injurious 
influence. 

For these investigations too a measuring wire was used of !/1) mm 
diameter. Small contaminations could not be of importance here, so for 
the sake of saving the purer, we used less pure material, the temperature- 
coefficient of which was, accordingly 3.7 * 10-3. 

The results are recorded in the subjoined table. 


i in milli-ampéres | Resistance | Temperature 
15.475 | R | t 
36.70 1.000276 R t + 0.0745° 
67.175 1.001026 R t+ 0.277° 
89.575 1.001881 R t+ 0.508° 


By the aid of the formula cited above the intermediate temperatures 
were interpolated between the lowest and the highest temperatures of 
the measuring-wire, which is elucidated by the subjoined table and 
adjoined graph. 


2 Ai? temper. experim. theoret. interp. 
2395 0 t t 
1347 11075 t + 0.0745 t+ 0.0723 
4513 4273° t+0.277 f= 0.279 
8024 7784 t+ 0.508 t+ 0.508 


') Cf. O. D. CHWOLSON, Lehrb. d. Phys. IV 1. 1908. Thesis A. MICHELS, p. 24. 
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Within the errors of observation the theoretically interpolated values 
are the same as the temperatures found experimentally. From the fore- 
going it is easy 


Bigs)2: 


to calculate the constant c entering into the formula: 


at = ca 
c= 0,0653 


iin mA. 


ee 
dt in 1000 


The Measurement of the Influence of the Pressure. 


The choice of our arrangement rendered absolute measurements 
unnecessary; so, different from the method used by us in determining 
the influence of the pressure on the electric conductivity of platinum, 
we could now use a WHEATSTONE bridge connecting scheme. This 
arrangement also enabled us to avoid a few sources of error. 

Instead of one gold wire, we built two equal ones, enclosed in two 
identical mantles, and inserted each of the two gold wires into one of 
the two circuits of the WHEATSTONE bridge connecting scheme. 

When now the two wires got an equal current, the influence of their 
increase of temperature was greatly diminished. 

Our measuring current was about 6 mA., which according to our 
measurements given above, would yield an increase of temperature 
of "/599°. 

As we measured with an accuracy, where only temperature differences 
of "/1999° become troublesome, we may expect that the influence of 
selfheating was entirely eliminated. 

A greater advantage, however, lay in the fact that it was possible to 
eliminate in this way the inevitable oscillations of the thermostat 

os 

Proceedings Royal Acad. Amsterdam. Vol. XXX. 
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temperature as the two mantles were’ inserted in the same thermostat 
closely side by side, and through their identical construction obtained 
an equal lag in temperature. 

The oscillation of the temperature never amounted to more than !/299° 
in a period of about 4 hours. 

With our arrangement it is practically impossible that there is ever a 
difference of temperature of 1/j999° between the two wires. 

The resistances of the gold wires amounted to about 26 ohms each, 
and the variable resistance in the circuit to 100 ohms. The high value 
of the latter, which had to compensate the influence of the pressure 
on the gold wire, had also the advantage that variations in the transition 
resistances of the plugs of the rheostat could be neglected. 

For the determination of the galvanometer current the measuring 
current was commuted, through which at the same time the thermo- 
electric forces disappeared from the results. 

For the arrangement of the experiment we refer to these Proceedings 
cited above. 

The pressures were measured by the aid of a pressure balance, the 
accuracy of which far exceeded that of the electric measurement. ') 

The accompanying table and the graphical representation II give the 
results of three series of observations between 0 and 250 atm. 

These resistance measurements agreed with each other with a margin 
corresponding to a difference of temperature of 0.001 degree of the 
measuring-wire. 


—Aw 10°. 
w 
Pressure in kg. per cm.? —101.5 INS 
16° 5.03 11.8 


Just as in the course of the observations made on platinum, it appears 
here again, that the decrease of resistance is not in linear relation to 
the increase of pressure. 


— Kop ac 


Fig. 2 
1) Cf. Ann. d. Phys. 73. 1924. 
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The deviation of the straight line is, indeed, not so great as that 
found for platinum, but the distance of the point 101'/, atm. to the 
second line, is about five times as great as an error of observation. 

In the graphs this is shown in this way that no curve has been 
drawn through the few points which have been determined, but by 
connecting these points with the origin. 

The upper straight line in the graph represents the result at which 
BRIDGMAN arrives in the publication cited above. 

BRIDGMAN states that he has found as a pressure-coefficient up to 
1000 atm. 3.1 * 10-°. , ) j 

Though extrapolation to 1000 atm. is very unreliable here, it may be 
deemed doubtful whether at 1000 atm. it will be possible to us to obtain 
agreement with this value. 

Here, too, it is, however, possible that the hardness of the material 
plays a part. 

For the present no more points have been determined by us, as our 
purpose was only a preliminary investigation. 

This investigation, however, has proved that it will be necessary to 
continue the measurements at least up to 1000 atm. in order to find 
more points of the curve, and also to examine the influence of the 
hardness. 


4* 


Physics. — The Three-Phase-Lines of the Systems: Water-Ortho- 
cresol, Water-Metacresol, and Water-Paracresol. By A. MICHELS 
and E. C, F. TEN Haar. 16% Communication of the VAN DER 
WAALS fund. (Communicated by Prof. J. D. vAN DER WAALS JR.) 


(Communicated at the meeting of October 30, 1926). 


The purpose of the following investigations was to examine in how far 
the mutual position of the CH; and OH groups has influence on the 
phenomenon of unmixing of cresol-water mixtures. 

For the present we have confined ourselves to examining the three- 
phase curves by studying the unmixing in sealed glass tubes '). 

For the preparation of the said cresols the homonymous toluidines 
were started from, which were supplied to us as being pure. These 
toluidines were first distilled, then converted into the oxalic acid salt, 
and this salt was purified by repeated out-crystallisation in alcohol. The 
final product, which was assumed by us to be pure, amounted to 1/, of 
the quantity started with. 

Then the toluidine was regained from those salts, and the cresol was 
prepared from the toluidine by diazotation. 

The cresols prepared in this way were purified again by distillation 
in a nitrogen atmosphere. This distillation was repeated so often till 
the last fraction and the last but one gave no difference in their crystal- 
lisation points. 

For para- and ortho-cresol a crystallisation point was found corre- 
sponding to that generally recorded in the literature; it appeared, 
however, possible to us to raise the melting-point of metacresol, by 
purification, considerably above that reached till now. 

While usually the melting-point of meta-cresol is stated to be + 4°, 
we obtained + 10°.6. 

It is perhaps worth mentioning that all three cresols appeared to be 
colourless liquids as clear as water, which, however, in course of time ° 
gradually assumed a yellow to brown colour, even when they were 
kept in the dark under nitrogen. 

With the cresols obtained in this way the investigations on the three- 
phase curves were carried out. The results are recorded in the subjoined 
table, the accompanying diagram giving a graphical representation of 
the “Consolute temperature” as it varies with the concentration. 


1) Compare inter alia also: A. MICHELS. Stelsel isobutyl-alcohol en water, Archives 
Néerlandaises. Sér. IIA T. VI (1923), p. 127. 
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Ortho-cresol Meta-cresol Para-cresol 
Me Conc. Temp. Conc. Temp. Conc. Temp. 
1 1.3 <0 27 50.8 Pe2bie #29'a. 30° 
2 2.9 46.2 3.6 78.7 S14 82.1 
3 4.0 86.7 45 92.2 5.4 105.0 
4 4.5 104.5 10.8 12107, 6.9 118.5 
5 6.9 121.0 14.0 140.4 9.2 1279 
6 7.0 123 23.2 14725 16.4 138.0 
7 8.7 134.0 29.7 148.7 SZ 142.6 
8 16.4 157.9 42.9 148.7 32.3 142.5 
9 17.5 159.6 48.9 147.6 Aaland 140.7 
10 36.4 167.3 58.0 raie2 50.2 1391.5 
11 42.6 168.9 59.3 141.9 56.9 136.6 
12 45.9 168.3 62.2 EM IBES 66.6 2 
13 50.4 167.9 65.9 13532 files 110.8 
14 56.5 163.7 70.6 124.4 79.5 71.0 
15 64.7 160.1 (aya 120.0 81.3 59.5 
16 74.8 139.2 76.7 103 83.7 37.1 
17 75.9 13514 (ANTE 90.2 85.9 | below 21.8 
18 82.9 92.8 80.0 85.2 
19 84.1 87.3 80.7 82.6 
20 86.2 50.5 82.6 67.9 
21 88.5 | in ice hom. || 85.9 36.2 


The upper critical endpoints appeared to be: 

for ortho-cresol 168°.9 with a concentration of about 41 ote 

for meta-cresol 148°.8 with a concentration of about 38 /o. 

for para-cresol 142°.6 with a concentration of about 36 °/o. 

The values of these concentrations are graphically approximated by 
the aid of the known law of the rectilinear diameter. 

In the diagram the points of the diameter are indicated, and the most 
probable straight line has been drawn through them. The deviation 
visible in the diagram is a very slight one, except at the top, where 
the accuracy of the measurement is much smaller. ! 

It is also noteworthy ‘that the phenomenon of barotropy occurred with 
all three cresols: while at low temperatures the phase rich in’ cresol was 
the heavier, the phase rich in water interchanged places with the other 
at a given higher temperature. 

The exact transition temperature cannot be given with great precision, 


a4 


because the viscosity was too great for the two phases to move easily 
through each other. Approximately the barotropic temperature for ortho- 
cresol lies at 145°, for meta-cresol at 148°, and for para-cresol at 138°. 


© = Oarno Kresax 


A=Mea Kresor 
B= PARA Kresar 


Finally it may be stated that as soon as the cresols decompose 
sufficiently to change colour, this manifests itself at once in the position 
of the unmixing-points. 


Chemistry. — Some Remarks on the Condensation Products of 
Polyoxy-Compounds with Chloral. By Prof. J. BOESEKEN. 


(Communicated at the meeting of November 27, 1926) 


Our researches on the influence of poly-hydroxy-compounds on the 
conductivity of boric acid have led to closer examination of the complex 
compounds formed in the course of them. It then appeared that the 
mostly strongly acid compounds were often derivatives of boron, in which 
this atom had passed to a state of higher-valency (coordinate-value = 4). 
This is of hardly any consequence for the diagnosis of the position of 
the hydroxyl-groups in space, as also the formation of these higher- 
valency boron-compounds is dependent on the more or less easy 
appearance of five or six rings. Besides, it has been shown by KOLTHOFF ') 
that in aqueous solutions these acids of the type B(O,—R),H are for 
the greater part split up into HOBO,—R,, in which a simple ring 
system occurs. 

Besides to the investigation of these boric-acid compounds we have 
also undertaken the study of the acetone compounds, which remain 
simpler of structure as a matter of course. 

Both the boric-acid and the acetone compounds are hydrolized exceed- 
ingly easily and rapidly by diluted acids, so that they can mostly only 
be preserved with exclusion of acids. R. WILLSTATTER?) has succeeded 
in showing that acetone condensed with a-oxy acids to volatile compounds 
of the same type as the simple boric acid compounds: 

R—C—O 
| C{CHs) 
O=C—O 
which, however, could only be separated and kept, when all the water 
was carefully removed and excluded. 

Of the a-hydroxy acids the corresponding condensation products with 
chloral, the chloralides, have already long been known. The first 
representative of this class of compounds was discovered by STADELER %) 
as reaction-product of chloral with strong sulphuric acid; it is the trichlor 
lactic acid chloralide: 


H 

CCLC-O. ys 

| car, 
O=C—O 


1) Recueil 45, 607 (1926). 
2) W. und KONIGSBERGER. Berichte 56, 2107 (1923), 
3) Ann. 61, 104 (1847). 
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the constitution of which has been determined by WALLACH'), and the 
formation of which was explained by me several years ago ’). 

WALLACH has made a number of similar compounds with a-hydroxy 
acids synthetically by heating these with anhydrous chloral in sealed tubes. 

As these compounds on the whole crystallize very well, and are very 
stable, and as for this reason they seemed very suitable to me for the 
determination of the constitution of polyoxy-compounds, I have started 
by making an improvement in the way of formation (see below), and 
I have examined whether these chloralides might possibly also be formed 
easily from other polyoxy compounds, as a-glycols, which appeared 
actually to be the case. 

The simplification in the method of preparation is this: the a-hydroxy 
acid or the glycol were gently heated with chloralhydrate and strong 
sulphuric acid at + 80° for some time, and the reaction mixture was 
extracted with ether, after the former had been diluted a little with 
water. In the case of hydroxy acids these first dissolve in the chloral 
sulphuric acid mixture, then the chloralide is separated, often already in 
crystallized state. 

Besides the light that we expect the velocity of their formation or of 
their hydrolysis to throw in the future on the position of the hydroxyl 
groups, they are also of some interest from another stereo-chemical 
point of view. In consequence of the origin of a new asymmetric centre, 
the number of stereo-isomers becomes greater. Thus out of optically 
active lactic acid two optically active isomer dichloralides will be formed 
and from d-tartaric acids even three such isomeric dichloralides. 

From pentaerythrite, if this possesses a tetrahedal configuration, a 
compound must be formed which in consequence of spirane-asymmetry 
will be decomposable into optical antipodes 7) etc. 

By the side of the acetone compounds, these chloral compounds, may 
probably become of great importance for sugar chemistry. 


The Preparation of Some Chloralides. Isomer d-Tartaric Acid 
Chloralides (with Miss J. BLOK). 


Lactic acid chloralide. This was first made by WALLACH loc. cit. by 
heating lactic acid with anhydrous chloral in a sealed tube. 

We have heated lactic acid (of 87 °/)) with the theoretic quantity of 
chloral hydrate, and an equal number of ccm of conc. H,SO, at 35° 
for some hours, after first having come to the conclusion that these were 
the most favourable conditions. After the water had been poured off, a 
solid product was obtained which melted after distillation under diminished 
pressure at 45°. Yield 59 °/o. 


1) Ann. 193, 1 (1875). 

2) Chem. Weekblad (1910), p. 123. 

3) If on the other hand it should be built up as a four-sided pyramid, it would have 
to be possible to separate two geometric isomers. 
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Though the lactic acid was feebly optically active, the compound 
appeared to be inactive, hence racemation has set in. We have got no 


indication of the formation of cis-trans isomers, though this must be 
possible according to our spatial conceptions. 


Citric acid chloralide. This was prepared by heating citric acid with 
a small excess of chloral hydrate with conc. H,SO, (e.g. 50 gr. acid + 
52 gr. chloralhydrate + 50 ccm. H,SO,) between 40°—50°, and then 
diluting it with a little cold water. Then a semi solid mass is separated, 
which is washed with some ether, and is then recrystallized several 
times from chloroform. It appeared to be a mass consisting of blocks 
and needles (a total yield of 51 °/)). 

After repeated recrystallisation of the least soluble substance (the 
blocks) the melting-point was constant = 166°. It was strongly acid, 
dissolved in water, and also in the ordinary organic solvents in which 
citric acid does not dissolve. 


Found Calc. 
0.0719 gr. equiv. 13.15 cc. AgNO; 0.0502 n. Cl°/) 32.6 33.0 
0.0685 _,, # 260s, 5 if 9 (EGG BAe : 


This was, accordingly, the citric acid monochloralide, and to all 


probability : 
COORGY waGi aes 
éu, ); CCO-O—CHCCI,. 


- The yield of the pure product melting at 166° is pretty small; there 
are other substances among it, which will have to be studied further. 
The chlorine content of the mixture is, however, very near to the 
calculated value for a monochloralide, so that the possibility exists that 
by the side of the a-chloralide, also a f-chloralide is formed: 


—=C—O 
CH, CHCCI, 
HOOG.. C—O 
CH, 
coon 
B citric acid chloralide. 
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From the mother liquid another mixture was obtained, the chlorine- 
content of which was considerably higher, + 40°/); there is, therefore, 
an indication that there has also been formed a dichloralide, which 
may be expected to dissolve more easily in chloroform. 


d-Tartaric acid chloralides. In the action of chloral on d-tartaric acid 
the formation of the dichloralide was at once taken into account. 

1 Mol. of d-tartaric acid +2 mol. of chloral hydrate + conc. H,SO, 
is shaken while heated to 50°. At first it is a turbid liquid, which 
gradually solidifies; the dichloralide is insoluble in water, hence all the 
acid parts and remaining not converted chloral can be removed by 
washing with cold water. Yield: 71°/) of a perfectly white product. 
Though the chlorine content was in conformity with that calculated for 
dichloralide (found 51.1, calculated 52.0), it was unmistakably a mixture; 
melting range 129°—135°. This was to be expected; asymmetry centres 
are added; starting from d-tartaric acid, there are, therefore, three 
isomers to be expected: 


D (of the tartaric acid) + d-+d or trans-trans 
D Fe +d—] " for this case these trans-cis 
D - — +d 4 are identical cis-trans 
D s —|—!]1 cis-cis. 


First the substance was sublimated in a locomotive according to 
EYKMAN: in 20 min. it already pretty rapidly went over at 130°; needles 
are, therefore, formed, which however appeared not to be homogeneous. 
As a considerable part was decomposed in this, we have further tried 
to bring about the Separation by recrystallisation from chloroform and 
benzene. In this way we have succeeded in obtaining two substances 
with constant melting-point and constant rotatory power. © 

The least soluble isomer, melting-point = 159°—161°. Chlorine 
content = 52.0 °/). Rotation in chloroform, length of the tube = 2 dm. 


0.6759 gr: in 25 ec. CHC at 16°.2:4, = — 2.92 


VET 5 ony OE he “ og oe Oy = 9.00 
[el], === 227.0 and? -— 539" \7) Mean == 53.9) 
Lowest-melting modification, melting-point = 116°—118°. Chlorine 


content = 51.1 Jo. 
0.6786 grin 24 cc. CHCI, at) 17°.000, = 1785 
O:6270 4%, 3, 922) ae * vw) Lt asd? OF 
[a], = — 32°.8 and — 33°.5.-Mean = — 33°.1. 


It is noteworthy that both modifications are levo-rotatory; it is, 
however, not astonishing, because pure anhydrous d-tartaric acid is also 
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levo-rotatory '). As long as the third modification has not been found, 
it is not possible to draw further conclusions. 


Racemic acid chloralide was prepared in a perfectly analogous way to 
that in which tartaric acid chloralide had been made. Obtained was 
20 gr. chloralide from 8 gr. racemic acid, i.e. the theoretic quantity. 
Very readily soluble in all org. solvents, except petroleum ether, insol- 
uble in H,O. 

Original melt. point = 118°—128°; after repeated solution in alcohol 
and precipitation with water 164°—166°; in this the melting-point was- 
never constant and muth was lost. There have, undoubtedly, been formed 
isomers; the number of possible isomers is three, as with d-tartaric acid, 
all racemates or racemic mixtures; they may be indicated by R-trans-trans, 
R-cis-trans, and R-cis-cis. 


Analysis: 
. . 0 
0.0341 gr. chloralide equiv. 9.82 cc. AqNO; 0.0502 n. 51.3°/ Cl Cal. 52.0°/, 
0.0531 ,, A py (oer iee ; PF Naarie V aae arey gs 


Of the anti tartaric acid the di-chloralide was likewise obtained with 
excellent yield. This, too, was clearly a mixture; there may possibly be 
again three isomers here: i-trans-trans, i-cis-trans, and i-cis-cis; one of 
them was obtained after repeated recrystallisation with constant melting- 
point = 171°; Cl=—52.6°/) Cal. 52.0°/,. No attempts were made to 
isolate the other isomers, the purpose set by us, to find a simple method 
to convert the aliphatic a-hydroxy acids into the corresponding chloralides, 
having been reached. 


Salicylic acid chloralide. In the aromatic hydroxy acids a deviation 
may be expected, because the nucleus hydrogen atoms can be activated. 
This expectation proved true, for on application of the method described 
above, the product formed dissolved in diluted ammonia, which is not 
the case with the chloralide. 

Hence a nucleus activator, as H,SO, is to be excluded here. 15 gr. 
salicylic acid was boiled with 23 gr. anhydrous chloral (excess) in con- 
nection with a reflux condenser, in which beautiful crystals were depo- 
sited. After 5 hours’ boiling the substance was poured out into H,O, 
the mass was washed out with ammonia, and the residue was recrys- 
tallized from ether. 

Melt. point = 124°—125°; 0.0718 gr. = 15.95 cc. AgNO; 0.0502 n. = 

= 39.6.9), ClaCal. 30.8 oH Cis 


In view of this exceedingly easy six-ring formation one of the mono- 
chlorides observed in citric acid is very probably a f-chloralide (see before). 


1) I found this at Assen already in 1899, it may, for the rest, also be derived from the 
course of the rotation change with the concentration on one side, and from the change 
of the rotatory power of the alkylesters with diminishing molecular weight. 
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Amygdalic acid chloralide. WALLACH has already prepared this chlo- 
ralide; he states that it melted at 82°—83°, and that he could obtain 
from the mother liquid a substance, melt. point 64°, with the chlorine 
content calculated for chloralide. We have prepared the substance by 
boiling amygdalic acid with anhydrous chloral (a small excess), as here 
too complications appeared with conc. H,SO,. In this way a solid light 
yellow substance was obtained, which was recrystallized from petroleum 
ether after being washed with H,O. 

The substance appeared to be perfectly homogeneous, and always 
melted sharply at 59°—60°, 0.06913 gr. = 14.55 cc. AgNO; 0.0502 n. = 
= 37.5°/, Cl. Calculated 37.8°/5. Accordingly we cannot confirm WALLACH's 
communication. 

It is advisable not to use H,SO, as condensing substance; melting in 
with chloral is, however, not necessary; it may be boiled with a slight 
excess of anhydrous chloral. 


Condensation of Glycols with chloral. (With Mr. J. STOK). 


For this purpose the method with conc. H,SO, appeared to yield 
excellent results at moderate temperature. In this way, i.e. as was 
described for citric acid and tartaric acid, glycerol and glycol were 
chloralized. The glycerol chloralide is a pretty viscid substance, which 
distils undecomposed, and is distinguished by a particularly great 
stability; it may be boiled without decomposition with 60°/) H,SO,, and 
is also proof to the action of HNO; 1.4 at boiling heat. By chromic 
acid in acid and KMnO, in alcalic solution oxidation sets in. Boiling 
pointiy mm == 142°—144° Cl, found ==48.8 5/5 eale == 48.1 5d! 40, 
= 1.5500, n° = 1.5053. The simplest chloralide, the glycol chloralide, 
the prototype of all these compounds, is also exceedingly resistant; it 
crystallizes beautifully and has a pleasant smell of camphor; solidifying 
point = 40°. 

The communication of LESTER YODER'), who prepared the chloralide 
of glycerol by means of ZnCl, for an entirely different purpose, led 
me to think it desirable to make some communications of our researches. 


Delft, November 1926. 


1) Journ. Amer. Chem. Soc. 45, 475, (1923). 


Pathology. — On anophelism without malaria around Amsterdam. 
(From the Institute of Tropical Hygiene, section of the Royal 
Colonial Institute at Amsterdam.) By N. H. SWELLENGREBEL, 
A. DE Buck and E, ScHouTE. (Communicated by Prof. W. A. P. 
SCHUFENER. ) 


(Communicated at the meeting of December 18, 1926). 


Although we have no map showing the distribution of Anopheles macu- 
lipennis throughout the whole of the Netherlands, still we know that this 
mosquito is numerous in localities where malaria is rare or absent and was 
so likewise in the past. Perhaps this may be explained in this way. We do 
not contest that the presence of anopheles is a condition absclutely necessary 
for the existence of malaria in a given locality. But as this condition is 
fulfilled almost everywhere, the presence or absence of malaria does no 
longer depend on it, but is determined by wholly different factors. Still we 
should likewise consider the possibility of different biological races of 
A. maculipennis existing in malarious and non-malarious regions. It stands 

. to reason that one’s views regarding the practical means to deal with malaria 
cannot fail to be influenced by these widely divergent opinions, and it is 
of the utmost importance, to have the question answered which of them is 
the correct one. 

An investigation to test the validity of the second opinion is the subject 
of this paper. It is limited moreover to a small region enclosing the 
southern part of the province of North-Holland and the adjacent 
portions of South-Holland and Utrecht. We are convinced that such 
fundamental problems can be solved only by numerous local investigations. 

We have chosen this particular field because it is intersected by a line of 
demarcation, dividing it in two regions I and II, N° I to the north where 
malaria is endemic, N°. II to the south where it is absent or extremely rare. 
The accompanying map shows the distribution of malaria as far as this 
was to be ascertained by the annual returns collected by the Malaria Com- 
mission in North-Holland. 

A. maculipennis is numerous in both regions but more so in | than in I. 
Still there are so many in JJ, as compared with notorious malarious regions 
in Europe, where this mosquito is the local vector, that we cannot use this 
particular quantitative difference between I and II as an explanation of the 
absence of malaria in II. 

The question to be answered is, whether there exists any difference 
between A. maculipennis in | and II. Only such differences are important 
which bear on the capability of anopheles to transmit malaria. 
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Consequently they should be biological. Morphological differences cannot 
interest us unless they show a correlation with biological ones. Still we 
commenced by looking for the existence of the former because they are 
easier to detect and to measure and because VAN THIEL's!) investigations 
already pointed in that direction. 

It is quite out of the question to determine their origin (whether from 
region I or region II) by examining a single specimen or even a few ones. 
And still there is a difference. This became apparent by measuring the length 
of the thorax, the abdomen and the wing 2) and by counting the number of 
maxillary teeth, of hibernating?) anopheles from a number of stations 
situated in both regions (likewise from elsewhere in the Netherlands and 
from other European countries). 

For the sake of brevity we only consider the length of the wing, which 
we will indicate by the symbol “W.” 4). For the same reason we omit to 
mention separately 5) the result of the measurement of more than 7000 
mosquitoes (from 35 stations in region I, 18 in region II, 7 in Friesland and 
Zeeland and 8 outside the Netherlands) except for the particulars 
shown in the map. 

These measurements show that the average length of the mosquitoes 
from II exceeds that from I. 


The large Anopheles from II show an average W. above 122, At least 17 % of 
them, and usually 22—40 %, are ,long wings” having a W. alyove 129, Among the 
small Anophelines in region I we make a distinction between the smallest type 
(either W, below 119 with 1—6 % long wings, or W. 119 but then with less than 3 % 
Jong wings) and the intermediate type (W. 119—121 and 3—16 %, usually 7—11 % 
long wings), As a rule (not without exceptions) this last type is to be found on the 
boundary between I and II. The results of the measurements, in the stations harbour- 
ing the large, intermediate and smallest types, taken together, yield the following 
average figures: 

I. Large anopheles W. = 125.53 Difference between I and III: 9.21 + 0,29 
II. Intermediate ,,  ,, =120.36 é mp UE a UNG By7blee ued, 
II. Smallest 7 = 116.32 a ee 4:03. 10027, 


All these differences are, consequently, valid because they exceed thrice the ave- 
rage error, In Friesland we examined Bergum, Tietjerk, Leeuwarden, Nieuwe Biltzijl 
and Bolsward and we found the large type in the first two, the smallest one in the 
last two and an intermediate condition in Leeuwarden, 


1) Arch, £. Schiffs u. Trop. Hyg, Beihefte, XXX, 1926, 70. 

2) Length of the wing; from the anterior margin of the alula to the apex of the 
wing, The length is expressed in units of 41.7 micra each, 

3) Hibernating, because they are all, approximately, of the same age and generation. 
In summer, old and young ones are intermixed. For a comparative investigation it is 
necessary to start from a homogeneous material, 

4) No objection can be raised against this limitation as the length of the wing and 
of the body show a high positive correlation, from + 0,804 + 0,015 till + 0.820 
== 0.610; 

5) For these and other particulars omitted here, we refer to our detailed account 
to be published elsewhere and to the thesis of one of us. (A. DE BUCK, Acad. Proef- 
schrift, Amsterdam, 14 Dec. 1926), 
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‘As is shown in the map, the stations with large and small Anopheles are 
not mixed up together but show a distinct segregation, forming two separate 


EXPLANATION OF.THE MAP OF THE SURROUNDINGS OF AMSTERDAM. 
SCALE 1 : 400.000. 


The circles give the situation of the catching stations. The sectors indicate: 


black: 9/9 anopheles with a W. above 129 


squares : 7 ein (Of DZz—129 
vertical lines: a a ey Sy ss eed 
white: i he ah ta tader 1S: 


The angles of the squares enclosing the circles indicate the chlorine contents of the 
water in the breedingplaces: 


black: 1000 mgr. Cl, p. Litre or more 
squares: 500—999 , , . » 
whites under'500) 3). 1485 ” 


A. Area with black dots: approximately 20/) or more of malaria. 

B. Area with white dots: approximately 1—5 9/9 of malaria. 

C. In the remaining areas the incidence of malaria is less than 1 /g9 or 0, 

N°. 11 and 33 are situated in an area like A, N°. 30 and 31 in an area like C 


groups; the small ones to the north, the large ones to the south, in such a 
way that the bulk of the former are situated in the malarious region I and 
the majority of the latter in the non-malarious region II, in consequence of 
which these regions can be practically identified with the two harbouring 
the different forms of A. maculipennis, 
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But there are important exceptions outside our field of observation e. g. in South 
Beveland (Goes) and the adjacent parts of North-Brabant (Woensdrecht), where 
small anopheles occur in the absence of malaria. The coexistence of large anopheles 
and malaria we infer from the fact of mosquitoes we received from Oltenia (Rume- 
nia), Prizren (Macedonia) *) and Moscou, belonging to this last type. 


All this holds true for the hibernating generation. In summer the situation 
changes of aspect: After the hatching of the first summer generation, the 
females in region I attain the length of the hibernating ones in region II (e.g. 
W. from 115 to 126). But in region II they have likewise increased in 
size (e.g. W. from 128 to 132) in consequence of which the difference 
between the two remains. Next autumn there was again a decrease in size, 
without however attaining the figures of the preceding winter (e.g. W. = 
120 instead of 115 or 131 instead of 128). 

Are these two types (the large one from region II and the small one 
from region I) to be regarded as local modifications, brought into existence 
by varying external circumstances, or are they to be taken as two 
hereditary varieties? 2) Before endeavouring to answer this question we 
wish to refer to a very old theory stating that mixing of salt and fresh water 
favours the occurrence of severe marshfevers. This theory has been recently 
recalled to life by: 19. Grassi3) asserting that A. maculipennis bred in 
brackish water is of a more robust disposition than if bred in fresh water 
and therefore better able to transmit malaria; 29, ALESSANDRINI4) whose 
opinion is quite inverse: the mosquitoes are larger and more robust in 
the fresh and clear water of the ricefields and this enables them to resist 
malarial infection, 39. VAN DER HOEVEN 5) who holds a similar opinin when 
ascribing to brackish water an influence rendering Anopheles, bred in it, 
weaker and of smaller size and more liable to become infected with malaria ; 
4°. vAN THIEL 6) who sustains the same view by his findings of large 
mosquitoes from the freshwater around Leiden and of small ones from the 
brackish breedingplaces of Nieuwendam and Bolsward. Large or small 
mosquitoes, whether they be dangerous or innocuous, they are all considered 
to be bred under the influence of external circumstances. 

Our findings would seem to corroborate this last named view. In the 
lowlying landreclamations of N.-Holland there are small Anophelines, in 
the higher districts of Gooi, S.-Holland and Utrecht the iarge ones occur. 
In Friesland we observe similar conditions. In localities where the districts, 
inhabited by small Anophelines, run like a wedge into those where the long 
ones are prevalent, one finds particularly lowlying areas (Mijdrecht, 
Haarlemmermeer). The chlorine contents of the breeding places near to 


1) . By the kindness of Messrs ZOTA, SFARCIC and MARZINOWSKI. 

2} Or as two populations with a different hereditary composition. 

3) Rendic. Re. Ac. Lincei, 1922, XXXI, 535. 

4) La risicoltura etc. d'Italia. Roma 1925. ROUBAUD and SERGENT likewise find 
large anopheles in regions without malaria. 

5) Cited after van THIEL, loc. cit. 
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our catching-stations was, as a rule, high in region I (54 % above 1000 mgr. 
Cl. per Litre and 17 % below 200 mgr.) and low in region II (none above 
1000 and 76 % below 200 mgr. Cl. per L.) which is likewise shown in 
the map!). 

But we had to modify our opinion when we measured Anopheles hatched 
from pupae which we caught in breeding places showing a widely divergent 
chlorine contents, because these Anopheles did not differ much with regard 
to their size. The W. of anopheles hatched from pupae caught in 
water with : 


330—225 m.gr. Cl. p. L. was 123 in 40 females and 113 in 30 males, 
eS a te a ash evn) ve Tul! ne | OE se Pay WE ics AR 
Ree MRE ee 8 teed fuel lias NZS ; op SO & Leta ODKiag aed pe 


One might even be tempted to assert that a higher chlorine contents 
increases the size, of the females at least. A similar negative result attended 
our breeding experiments in water from the “Zuiderzee”’ (3000 mgr. Cl. 
p. L.) and in tapwater with 0.25 % NaCl, which hatched 279 females with 
a W. (108.6) equal to that of 450 bred in fresh water (108.5), the males 
being even slightly longer (276 with W. = 98.1 against 287 with 
Wie =='95.0). 

Breeding at higher temperature 2) (22°—25° against 17°—19°) caused 
a better marked difference in size. Bred at: 


22°—25°, 118 females showed a W. of 101.9; 110 males a W. of 86.2 
17°—19°, 134 ,, : Peerrer O60. 241. oe he Ole 


But this cannot help us to explain the difference in size of the mosquitoes 
from Santpoort and Sassenheim or from Diemen and Maariensdijk ! 

Still it would be an error to suppose that the size of the mosquitoes is 
independent from external conditions. But neither the chlorine contents 
nor the temperature are directly concerned, but the food is. In our breeding 
experiments we fed the larvae with green unicellular algae, which we 
scratched from the bark of trees (“‘tree-algae’”’). This diet suited them in 
so far that they pupated and that adults did hatch; but these were 
subnormal in size (W. of the females 100—113 against 126—130). Even 
almost mature larvae, fed on this diet during the last 2—5 days of their 
larval existence only produced undersized adults, whereas pupae caught in 
nature and allowed to hatch in the laboratory did not suffer in this way. 
This distinctly points to the influence of the food. This opinion was 


1) We find it difficult to imagine that the brackish water influences anopheles 
unfavourably; In region I the average number of larvae per dip was 2,2, against 0,7 in 
region IJ, Within certain limits this number increased with increasing chlorine con- 
tents, an observation already recorded by SWELLENGREBEL (Ned. Tijdsch, v, Ge- 
neesk, 1922, 2nd. half. p. 350—359). 

2) In accordance with MARTINI's view (Arch. £. Sch. u, Trop. Hyg. XXVI, 1922 and 
XXVIII, 1924) that A. maculipennis is larger in the cool Northern Europe than in 
the hotter Southern Europe. 

5) 


Proceedings Royal Acad. Amsterdam. Vol. XXX. 
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confirmed when we tried to breed larvae without tree-algae, by simply 
adding numerous waterplants (Elodea canadensis). We failed in this, 
unless we added the algae, except in those cases where the vegetation began 
to die. For then a rich growth of Chilomonas paramaecium occurred and 
this flagellate seems to be particularly suitable as food, for the larvae bred 
on this diet produced almost normal adults. 

Supposing that the difference in size between the mosquitoes in region | 
and II is caused by a difference in natural diet1), we should succeed 
in rearing adults of the same average size when starting our breeding 
experiments with eggs deposited by two lots of adults, the large ones 
caught in a station of region II, the small ones from region I, on condition 
that temperature, Py, chlorine contents (and other circumstances relating 
to the water) and food supply are the same in both sets of experiments. 
But this proved not to be the case. Bred under identical external conditions 
the eggs of mosquitoes from region II produced larger adults, than these 
from region I. Eggs from: 


region I yielded 131 females with W. = 101.8 and 88 males with W. = 87.7 
oT ieee ee lees ee WV 2-0 Oe » WHERE 


Consequently we believe that the difference in size between the mosqui- 
toes of both regions is not only caused by a dissimilazity of external 
conditions, but likewise by a difference of the hereditary constitution of 
the anopheline populations in both regions. 

We have now to face the question whether these morphological differ- 
ences are correlated with biological ones, which may influence the ability 
of anopheles to transmit malaria. The most obvious difference : dissimilarity 
in infectability, could not be detected: the mosquitoes of both regions 
showed the same degree (13 % with Plasmodium vivax) of infectability 2). 


But we found two other biological differences which are of importance 
in this respect: 


1°, We compared the inclination of mosquitoes from both regions to 
take human blood 3), In June and September those from region II were 


1) Which is a likely supposition, because the vegetation of the breedingplaces of 
both regions is somewhat different (more Eleodea and Hydrocharis in I] and more 
Potamogeton pectinatus and Myriophyllum in 1), Perhaps the chlorine contents in- 
fluences the larvae indirecty by modifying the microflora and -fauna, 

2) In a number of experiments conducted with 224 A. maculipennis, 131 from region 
I (17 infected) and 93 from region II (12 infected), each pair of experiments being 
performed with an identical gamete carrier, 

3) In large wooden cages, with glass and wire-gauze walls and a hole to pass 
tne human arm through, Feeding experiments were performed during the day-time 
and at night, but here we only take the latter into account, It was curious to see 
how this difference in voracity was almost completely obscured if the mosquitoes 
were kept in small glass jars covered by gauze and were allowed to feed by applying 
this gauze on to the human skin, In June the mosquitoes from region II were nearly 
as ready to feed in this way as those from region I, whereas they almost completely 
refused to do so in the large cages. 
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much less voracious than the mosquitoes from region I, but in August there 
was little difference between the two. Experiments, conducted with many 
hundreds of mosquitoes, showed the following percentages of anopheles 
taking human blood: 


in June 19.4°/) for region I and 1.9°/) for region II, 
Ranugust, 25,10" neatly a he RS! BS we alle 
» September 25.2 °%/, _,, ee cote: aa pi 1 V5 
» October 37.0) ,, Sl iat ankal erie Pita: sore Tie 


20, When determining the “blood number” (i.e. the percentage of 
females with blood in their stomachs) of stable mosquitoes in region I 
and II, this number was found to be at its maximum (87 and 77 % 
respectively) in June. In region I it did not decrease much till November 
(29%). In region II this occurred as early as September and in October 
it became 0. The “fat-number”’ (i.e, percentage of females with a well- 
developed fat-body) was high in region II since the beginning of autumn 
(sometimes above 90 %), but it was low in region I (1—20 %) 1). 

To use GRASSI’s terminology 2), we have found “semihibernation” in 
region I and a complete hibernation in region II. Moreover it appears that 
the lack of appetite in our experiments, shown by the mosquitoes of region II 
in autumn, is not a sign of a desinclination to take human blood, but to 
take blood of any kind. But the same absence of appetite in June has 
quite a different meaning as it occurs at a time when the “bloodnumber’’ 
indicates a maximum of voracity with regard to animal blood. Here there 
is reason to assume a desinclination limited to human blood 3). 

In which way do these biological differences, between anopheles of 
region I and II, influence their ability to transmit malaria? To answer 
this question it should first be remembered, that the annual malaria epidemic 
in N.-Holland occurs in spring, with a maximum in May or June. According 
to KoRTEWEG’s4#) and HowniG’s 5) investigations, primary cases occur 
as early as February and these authors hold the view that many of the 
spring-cases are a consequence of an infection incurred in the preceding 
autumn, This view is supported by our observations 6) showing that the 


1) With regard to the ,,bloodnumber” in region I, our experience since 1920 allows 
us to consider the statement mentioned here as a general rule, But our statements 
regarding the ,,bloodnumber” in region II and the ,fatnumber” in both regions should 
not be taken this way until our present findings are confirmed by a more extensive 
examination, 

2) Ann. d'Igiena 1923, XXXII, 438. 

3) We make this statement with some reserve, because the anopheles from 
region I likewise show in June an appetite for human blood which is less than in 
the following months, whereas our experience teaches us that in human habitations 
the hloodnumber usually reaches its maximum in June, just as it does in stables, 

4) Geneesk. Bladen, 22nd Series, No, 1, 1920, 

5) Studie over de malaria te Nieuwendam en omgeving. Amsterdam 1922, 79 pp. 

6) SWELLENGREBEL, Ned. Tijdschr. v. Geneesk, 1924, 2nd half, p. 750—763, 
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majority of anopheline infections are found in autumn, infections which 
they can transmit to man because bloodsucking in winter is never wholly 
discontinued. The complete hibernation of anopheles in region II prevents 
it from taking part in these winter infections. But perhaps the malaria 
cases in May and June are caused by infections incurred in spring? Even 
granted that this may be so, the anopheles of region IJ cannot take a share 
in it because of their desinclination towards human blood at that time 
of the year. The fact that later on they become less fastidious may cause 
them to incur a malaria infection in early autumn. But complete hibernation, 
setting in at that time, prevents them from transmitting it to man and 
even if they keep it through the whole length of the ensuing winter, they 
will spill it next spring into the blood of some animal. 

The results of our continued investigations will have to decide whether 
or not this is the true explanation of “anophelism without malaria” in our 
field of observation. Even if they should completely confirm our present 
statements, we shall not be tempted to make them serve as a general 
explanation of this phenomenon. For we are convinced that by the term, 
mentioned above, quite a variety of phenomena is denoted with widely 
divergent causes. A long series of local investigations should precede any 
attempt to give a general explanation of this complex of phenomena. 


Mathematics. — On the Development of a Function of Two Real 
Variables into Series of Polynomials. By W. P. THIJSEN. 
(Communicated by Prof. J. C. KLUYVER.) 


(Communicated at the meeting of November 27, 1926). 


1. In Statistics use is sometimes made of an approximating function 
‘with five parameters 


ZI) Ae NG 
where 
= he (Kay? ed chk (X28) (Y=5) 2 (VR ob 


in order to be able to characterize in a more lucid way statistical 
relations which depend on two arguments. 

Especially the correlation-coefficient r, which is computed from the 
original data, has appeared to be of importance. 

If e.g. we want to examine whether there exists a more or less close 
connection between the lengths of fathers and sons, between the fertility 
of mothers and daughters, between the discount and the ratio of reserve 
and deposit at the american banks, the magnitude of the correlation- 
coefficient may throw some light on it. ') 

In the Theory of Errors a similar characteristic function has been 
used of old, to wit the well known so called law of errors of GAUSS 


Y= Fer ah ae oh peti mene oS hee 0 (2) 


This contains only two parameters: the so called true value a and 
the precision modulus h. 

The insight into the signification of this method was greatly deepened 
when it was found ”) that for any real univalent function which satisfies 
the conditions of DIRICHLET and which, besides, is zero outside a certain 
finite interval, developments into series of polynomials may be found 
which converse to the value of the function, except in points where the 
function is discontinuous. 

As a rule the function is first divided by the expression in the right- 
hand member of (2) where the parameters are chosen such that the 
second and the third term in the development vanish. It is no caprice 


1) For more particulars we refer to the exposition in: G. H. YULE, An introduction to 
the theory of statistics, Londen, Griffin, 1922. 

2) H. GALBRUN. Sur un développement d'une fonction a variable réelle en séries de 
polynémes. Bull. de la Soc. Mathém. de France, Tome 41, 1913. 


70 


that we divide exactly by this function, — which we shall call division- 
function, — as it is closely connected with the above mentioned develop- 
ment of which the terms have the useful property of orthogonality. 

The question arises whether in the problem of two dimensions there 
also exist such developments, which might give more insight into the said 
statistical method. 


2. It appears that the above mentioned problems are closely connected 
with the so called problem of the moments. 
The problem is in how far a function f(x) is determined by its 
moments 
+o 


forwfe) oo eB 


—o 


on the supposition that these integrals exist. 
If e.g. the function has a finite number of discontinuities, it is evident 
that the value of the function is not defined, at least not at these points. 
For a function of two arguments we may in the same way consider 
moments of the form 


| J fesdose ofa) or ae Dire eee oe (ES 


In what follows we shall suppose that the functions occurring there 
are finite, that they have a limited number of discontinuities, that the 
integrals with which we have to do, exist, that the applied interchanges 
of the operations are allowed and that, besides, the following theorem 
holds good. This is only another form of the proposition of the moments, 
which form we have given to it as it is the fittest for our purpose. 

I. If the relation 


[dee fale) = fae Flo pity se nD en ta TN eee ce (O) 
exists we-have 
Lim Fe (X= FC ee ee ey een (52) 


except for values of x for which f(x) is discontinuous. 
For a function of two variables f(x,y) we make the following suppo- 
sitions. Let us consider the surface represented by 


z=f(x, y) 
If we cut this surface by planes that have the equation 


ety, 


vl 


where the constant C, may assume any real value and risa real number 
with modulus less than 1, we assume that the curve arising in this way 
is a function of the new variable 


Wa ty bke a at ee 
which also satisfies the above mentioned conditions. 
Let us suppose the same for the intersection by planes with the 
equation 


y=C, 
where we introduce the new variable 
ST Oe Mates te ACT) 


For abbreviation we have put 
iseme ea (Laser iley lean. Std ele stew one (8) 
In this two-dimensional case the proposition of the moments reads 


quite analogously : 
II. If the relation 


+o +o . 
[faery = 9" fa oa) = [ [deedy 2° 9 fle. y) som le Aver wb) 
on Lox (= DV: oo 3 TA 


exists, we haye 


i as O) = POG) ot te ar tt Ge ig ce ROS) 


except for values for which f(x,y) is discontinuous. 

Among others STIELTJES') and BOREL’) have occupied themselves with 
the problem of the moments; as appears from recent prize questions of 
the Wiskundig Genootschap the study of it has not yet come to a 
theoretically satisfying conclusion so that we are still a long way from 
the necessary conditions for the validity of the proposition of the moments. 
Practically, however, there is no objection to include in the conditions 
that the function never becomes negative and that it is zero outside a 
certain finite interval (resp. region). A further discussion of sufficient 
conditions under which the proposition of the moments holds good, lies 
outside the scope of this paper. 


3. Let f(x) be a function which satifies the above mentioned con- 
ditions. Let us consider 


finsagPy ( + opPro ee. os en Pa Gyr ie! 20) 


where 
b 


: { dae Fla) Pa (a) Fike Bel see 


Onl 7, 


Cn 


1) Annales de la Faculté des Sciences de Toulouse, Tome 8, 9, (1894, 1895). 
2) Lecons sur les séries divergentes, Paris, 1901, p. 66 e.v. 
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We can prove that the relation (57) holds good in the interval (a, b) 
with the above mentioned reservation. 
The polynomials P, (x) are the so called polynomials of HERMITE, 
defined thus: 
Pe sch a ee eae ee ee) 


From this we can derive the formula 


n (n—1) (n—2) (n—3) 
2! 


_ n(n 


Ape (2x) + 


(Qodr4 FI) 


We shall also want the following identity 


n(n—1) n (n—1) (n—2) (n—3) 
1! 2! 


The above mentioned property of orthogonality reads 


(2x)" = Pp (x) + 


P,2 (x) +] 


iD eaeeie or (13) 


+o 


1 (0, if mn; 
dxen™ Pix) Pax) Sis UTE. 
Va : GLP) (27 nl, ifm=n. a4) 
As all these formulas are well known we shall leave the proofs. 
According to (10%) we may also write for eS) 


iim fae e-” F(a) 7 pee 7 n (x) 


If now we determine the moments of fn(x)e~” we find for them 
according to (14) and (13) : 


+c 


[dea fale) c= [do fie (Se ON DS IOSD 


= 00 a 


If then we apply the proposition of the moments (5) holds good 
again with the known reservation, so that, disregarding this we get: 


Lim fal ave ok if pel <r <a 


(15) 
( 0, if x lies outside the interval (a, 5) 


In the meantime GALBRUN') has proved ina rather subtle demon- 
stration, independent from the proposition of the moments, that under the 
above mentioned conditions to which we must add the occurrence of a 
finite number of maxima and minima, f,,(x) has the following values as 
limit : 


4 [F(x +) + f(x —)] if x lies between a and b; 


$ F(a) | if x is equal to a; (159) 
+ f(b) if x is equal to b; 
0 if x lies outside the interval (a, b). 


1) loc. cit. 
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4. Let us now introduce polynomials P,,;(x, y) defined thus: 


ites Oli) 
P,; (x,y) = (—1)'*e addat (16) 
where 
eae Te ) BX ae ae ee ce ee, UL Z) 


In this way we have e.g. 


Pooley) —— ls oP iolAy = 24x a 0g) 3) Pos (x,y) = 2 (exe ey) 
P29 (x,y) = 4(x + ry)? —2; Pris (xy) = 4 (x+ry) (rx+y)—2r;> (18) 
Po2 (x,y) = 4 (rx + y)? —2; etc. 


In order not to make the notation too complicated we have left r 
out of it; we shall also take this liberty in other cases when there is 
no danger of confusion. 


5. In case r 0 it appears to be useful to introduce the new variables 
u-and v, which have already been indicated in the formulas (6) and (7). 

This substitution transforms FE (17) into a sum of two squares, which 
we shall indicate by F, in order to distinguish it. 


Bae ote NT en ee en CLO) 


We have still to remark that the substitution determinant is 


Ae 
wy SS 


If we transform the differentiations with respect to x and y into those 
with respect to u and v, this may be expressed symbolically by 
0 0 0 0 0 


dx du’ Pageetee: hes 


(21) 


From this we can derive 
0” ee Qr- fa} 0 i 
Otaloy! * eu" (« Ou ae a) 
which applied to er 
gives 


Pia (x,y) = t! Pp (u) Po (v) +i, 2°71 s Pr (u) Pi (v) +...+ s' Pau) Pir) (22) 
according to (11) and (16). 


6. Now by the aid of (22), (20) and (19) we can transform the 
following double integral 


+0 
(hep 2 40 ip dxdy e P41 (epienan (my). + ~ (23) 


wt 
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so that it passes into a linear expression of integrals of the form 
1 [dee Pay) ra fere*B PU)... 08 


According to (14) these are always equal to 0, if mn. For: if the 
indices of the two polynomials of HERMITE were equal in one integral, 
those in the other one would be different. Hence we have 


PERE 0 pole ee ao te ee pete) 


If on the other hand m=—n, the integrals (24) become 0 for p# q, 
but for p=q they are equal to 


22 pi (i= pyle cnet ete 3, enna (20) 
according to (14). 
Let us now consider 
at”) —— ily dy ay oer re (x, y) Pru (x.y) epi 15 (27) 


If we suppose this integral to be again transformed and, accordingly, 
the formula (22) to be applied to the polynomials P,-«x(x, y) and 
P,-11(x, y), it will be sufficient in the multiplication to take the products 
of the corresponding terms so that by the aid of (26) we finally 
arrive at 


ani 2 n mite er is 2p Aol pao Sa | - (28) 


7. In order to deduce a relation which we shall want further below, 
it is necessary to consider a product of determinants. 
Let us multiply the determinant 


0! 0p 2° r° s° 0 0 ff a 0 0 
ON 2c? Ria bye Laas 0 ee Ades 0 0 
O12, 2° rs2 1 le ey aS 2125 2? 0° Skea eee 0 


Pr er rae ye eee eM ER a, oe SO CRM i Be), 

Olng 2°27 s° Wt Zura SUMMING O Eee Sean NI eS 

Po(u) Pa(v) = Pi (a) Priv) P2(u) Prov) Pn (u) Po (v) 
n! 2" (nA). 20) n= 2)1 274 | ee O28 


— 


by the following determinant that is evidently zero 
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n!Qy 27 r°s° 0 0 eS ee toy 0) 0 

nl1g2* r's° (n—1)!1,27r°s! Oo Tiagcered ce 00 0 

nl292* 178° (n—J)!2,;2" 7's! (n—2)/2,2"-r%s?. . 0 0 

ning2” c* 8° (n—1)/n, 271 2°! (n—2)In,2*?r"s?...0 In, 2°r°s" 0 

Poly)Pn(y) Pile) Pa—aly) PA~)Proly) — Palp)Polv) 9 
0/ 2° nee 2/22 a ele 


by applying the well known rule for the multiplication to the rows.. 
According to (22) and (28), if through the substitution a, B; x,y are 
transformed into y, y; u,v, there results 


ayy agi FMA OS's oct actin Pio  (a,8) 
ato ain as Sern eee HG) te gh a” Pasia (a,B) 
4 ber ere 8 —0 (31) 
a‘ ee te a Pon  (a,B) 
Px.) went eeY) Peay). 6) 0) «kPa (y) Se 
where 
i Poly) Po(u) .- Pa (y)Pn (v) a Pil)Pilu) x 
2° 0) 2? nil Zit (32) 
5 Panaly)Pr—(0) re ners (p)Pn (u) ., Poly)Paolv) 
2"! (n—1) on 25 2° 0! 
If we indicate the following determinant by A, 
PGS yA a UE oe a em 
re ve 
otras Pes eal Le Pe Na Go) on 
we may also write (31) in the form 
Cee tmanyes, ean, cop) 
Bier FA io toni ae ALP alctep) 
. . =S=—_— An Si . (34) 
ano Bel) & at Ota Pas (ab) 


P,.0(%,y) Pa—islxsy) - Ponlx.y) 0 


If we omit the (n+ 2)*¢ row and the (n + 2)"4 column of the deter- 
minants (29) and (30) and if after that we multiply in the same way as 
before, we find: ‘ 


Pease OL VEZ Say eae, toe. 409) 
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Hence 
Sen8rr 82 
Ay=a%=1;A,= ; “ = 452; A, =| 8r4r4+48r |=256s%ete. (35%) 
; Br? 8 8 
If, therefore, |r|<1, according to (8) we may be sure that 
De Ose Re Rant Mga bet a, bad mconse Soe) 


8. We shall now prove that a function f(x,y) that satisfies the con- 
ditions mentioned in § 2 — including the condition that the proposition 
of the moments may be applied to it — can be developed into a series 
of polynomials such that this development is valid in a region G with 
the above mentioned reservation. For values outside this region the 
series has 0 as limit. As the one-dimensional case must be included in 
this as a special case, we may add that on the circumference the series 
has half the value of the function as limit, at least there where the 
function is continuous and the circumference has no break. In points 
where the surface corresponding to the function has discontinuities, the 
series verges on the limit of the mean of the values on a small circle 
with the point under consideration as centre if its radius tends to 0. 


In order to prove the above let us consider the following function 
that depends on m: 


‘es (x,y) = Cools Cio P, o(x,y)+c0,1Po.1(2,y)+2,0P 2,0(x.y)+e1.1P1.1(%,y)-+ 


36 
+¢0,2Po2(x.y)+... +m 0P m.o(%Y)+Cm—1.1Pm—1.1(%,y)+..:+C0,mPom(xy). fe 


The constants occurring here, are determined in the following way. 
Put 


Chat ‘l, Gadi” fad) Padagean Ae wan 
G 


Es Fy Parsee 


For the coefficients c,;; we have the following system of linear 
equations 
(n) (n) (n) (n) ce 
40,0 Cn.0 + 20,1 Cn—1,1 + - ea ccloy Crees inte eee a Ono ne 
(n) ) (n) 
al) Cag at) Gea ean Cacia ee ey One 


(n) (n) (n) (n) ( 
aio Groen ait Cn—1,1 = cos IS + aij Cn—j,j a $942 + ain CO,n = ct 


) 
eo Oe St dhcp + sev ta on = C® 


(38) 


where we must successively assign the values 1,2,....m to n. The 
coefficients a\") have the same meaning as in formula (28). According to 


7h 


(35%) these systems of equations always admit of one solution for |r| <1. 
We shall now give another form to the coefficients c’~“J. With a 
view to this we introduce the quantities Ay which are the coefficients 
of the elements ay in the determinant A, of (33). 
According to (38) we have 
An X Cnyj= Ady Co” + AY, CY +... + AR, CP 
According to (37) this may be written as 


All da dp e-® f(a,p) >~ pais A” P,,_.: (8) 


Hence (36) can be transformed to 


fa (xy) = lJ da dB e- f(a, ad2 VE AvP ules P Po 5,jcu) 


n=0 


or 
Ags agit ose 5 edo Regan) 
| 5 at eo 1 ayo all ES ie . at’, P,-1(a,) 
al da dB e-¥ f(a,f) pe et | aes. Seen ot any oe 
é ai aay: Shar aer Patan) 
Pro (xy) Pr—rilxy) Pon(xy) 0 


We now introduce the new variables u and v considered above. 
According to (34) and (20) we finally arrive at 


Wale 
ed=2[ dy dye fi (py) 9 Sr... . (39) 
G, 


n=0 


Here G,,E, and fi (v, y) are formed from G, E and f(a, f) through 
the transformation. 

fn(x,y) can also be transformed, which we shall indicate by the 
notation fy, (u,v). 

We shall now consider the moments of the function 


fn (u,v) X e~* 


Apart from the factor 2°*¢ these moments are 
a 
i; du dv (2 uP (2 v)4 fina (ut, v) e-Fi 


If for fn1 (u,v) we write the expression in the right hand member of 
(39) and if by the aid of (13) we express (2u)? and (2v)* in polynomials 
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of HERMITE, we may change the order of the integrations and after 
that apply what was found in § 6. 

After a few reductions we find by again applying formula (13) from 
right to left 


+o 


if { "du do (2 uyp (2 0) fina (u,v) e~2= uf if dp dy (2 9) (2 v)* f; (py) e-® 


—o 


p= 2 m; Gee. mn 


Hence, according to the proposition of the moments 


Lim fn (u,v) = 


m= oe 


f, (u,v) inside the region G,; 
0 outside the region G,, 


except again for the values of the argument for which the function is 
discontinuous. 
Getting back again to tte former variables we find 


Me f(x,y) inside the region G; 
Lim fn (x,y) = », 40 
ead (oy) 0 outside the region G, oY 


which was to be proved. 


9. As we remarked before, in practice we get to work differently and 
make use of a division-function. However, this method may also be made 
to fit in the schethe of the above mentioned considerations. 

Let F(X, Y) be the function under consideration and let us suppose 
that 


dXdYF(X.Y)=1,........ (Al) 
(V 


which may be ev. reached by a suitable constant. 
Let us consider the linear substitution 


Vee Ved aet et sere werc 


through which the region G is transformed into g. 
We have only to substitute in the above 


=r cs y 
F (oy) = ctR(etp.b+9). Crapond eaneayy 
where 
yx? 2 ry" Vee. | a4) 


For the present the constants, a,b,h,k appearing in these formulas 
are arbitrary. 
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Finally we arrive at a development of the form 


Pex RY ye BES 6B co Cua} 109) Cor Por ou) 4. -} > (45) 


with 
x= h(X—a); mh Y= bh ae) et * te (AS *) 


For the coefficient coo we get the equation 
ayy Coo = Cy ? 
according to (38), which, considering (41) an (35%), gives 
Coed dee Aah g Ped alegre eh he et! (46) 


Now we choose the constants a, b,h,k and r such that the coefficients 
C10; Co13 C20: C11 and coz all become zero. According to (38) this means 
that the integrals C'") must be zero for n=1 and 2. 

If we get back to the original variables, these integrals are 


ce — , if adv RUCY)'P,.,(hX—ha, k¥Y Ke). 47) 


After some transformation we find from this for n= 1 in accordance 


‘with (18) and (41) 


a= | [dXaV XF (X,Y) b= | [dxav F(X) (48) 
G We 


Let us now consider the case n=2 and let us introduce the following 
quantities 


Myo= ( { dX dY F(X,Y)(X—a)? 
SJ 
Bea (ae ee Sa ed YD Soar 


Mose als Be dX dY F(X,Y)(Y—b) 


In connection with (18) and (41) we get the following equations to 
determine h, k and r 


M20 h? + 2 tM, hk + r?Mo2 Kk? — t 
rM20 h? + (1-++r?) Mi, hk - trMo2 ke — $ fe 7 . (50) 
17M h2 + 2 rM,; hk + Mo2 k? — 4 
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If we solve these equations we find 


Mi 
= 7 (Who X Moa) ch 
and h and k are defined by 
1 
yes Moo ; als Mo2 et ae eats (52) 


It would lead us too far if we wanted to bring to light all the 
peculiarities of the theory of correlations for this case although also the 
regression-lines may be investigated in connection with the develop- 
ment (45). 

Let the remark suffice that if the further terms may not be neglected 
it will be convenient for practical calculation to introduce the auxiliary 
variables 

U=h(X—a) + ck (Y—b) ; V=sk(Y—b) . . . (3) 
For by the aid of them in the development. (45) the polynomials P;; of 
(22) may be replaced by sums and products of polynomials of HERMITE. 
And in that case we ‘can make use of the tables that have been 
calculated by BRUNS !). 

It is hardly necessary to say that the two-dimensional problem which 
has been treated here, may be extended to more dimensions. 

That the developments at which we arrive in this way are not without 
importance also from a purely mathematical point of view, follows 
already from the fact that we can base on formula (40) a method of 
integration that can be considered as an extension of the method with 
the discontinuous factor of LEJEUNE-DIRICHLET. 


Nymegen, November 20, 1926. 


1) H. BRuNS. Wahrscheinlichkeitsrechnung und Kollektivmasslehre. Leipzig und Berlin, 
1906. 


Anatomy. — Indices for the anthropology of the brain applied to 
Chinese, dolicho- and brachycephalic Dutch, foetuses and neonati. 
By C. U. AriENs Kappers. 


(Communicated at the meeting of November 27, 1926.) 


The results attained hitherto in the study of the brains of different 
races and types are disappointing to students of the subject. 

Even the variations in cerebral morphology, that have been described 
in types of the same country are based more on general impressions 
than on exact measurements, 


The best researches in this respect are CALORI's!), who, besides giving the weight and 
surface figures of a great number of brachycephalic and dolichocephalic Italian brains, 
also tried to express the general type of those brains by means of the length-breadth 
index, the bitemporal diameter, and the shape of the fronto-occipital arch, which he 
indicated by its length, its cord and its perpendicular without, however, simplifying these 
in indices (l.c. p. 55.). 

CALORI also examined the convolutional pattern in dolichocephalics and brachycephalics, 
but without obtaining important general results. 

RUDINGER?) called attention to the shortening of the longitudinal convolutions in 
brachycephalic brains, associated with a prolongation of the transverse convolutions, and 
the frequent appearance of angular curves in the former. 

MEYER 3) pleaded the mechanical cause of these phenomena on account of a study of 
a pathological case with growth repression of.the posterior part of the skull, in conse- 
quence of which the transverse furrows in that region were more than usually pronounced, 
some of them (as the s. temporalis) even being opercularised 4). 

ZUCKERKANDL *) reached the same conclusions, considering a precocious closing of the 
sutures an important factor in shaping the brain. 


Exact information about the general shape of the brain among non- 
European races is very rare. Most of the authors on that subject have 
also confined themselves to descriptions of furrows and convolutions. 

Though there is occasional information about the general shape of 
the brain, especially concerning the Mongols, (PARKER and MILLs %), 


1) CALORI. Del cervello nei due tipi brachicefalo e dolicocefalo italiani. Memorie dell’ 
Accademia delle Scienze dell’instituto di Bologna. Seconda serie, 10, 1870. 

2) RUDINGER. Gehirnwindungen bei Lang- und Kurzképfen und bei verschiedenen Ge- 
schlechtern. Korrespondenzbl. der Deutschen Gesellsch. f. Anthrop. u. Ethnol., 1877. 

3) MEYER. Ueber den Einflusz der Schadelform auf die Richtung der Groszhirnwindungen. 
Zentralblatt f. die med. Wiss., Jahrg. 14, 1876. 

4) I also made this observation a few times among my Chinese brains. 

5) ZUCKERKANDL, Ueber den Einflusz des Nahtwachstums und der Schadelform auf die 
Richtung der Gehirnwindungen. Wiener med. Jahrbiicher, 1883. 

6) PARKER and MILLS. Preliminary studies of a Chinese brain. Journ. of nervous and 
mental diseases, Vol. 13, 1886. 

° 6 


Proceedings Royal Acad. Amsterdam Vol. XXX. 
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DercuM?), RetTzius?) and Kurz 3)), indices, which enable us to make 
exact comparisons, are nowhere to be found. 

The result is even more disappointing when one sees the poor state 
of preservation of some of the brains hitherto described as appears 


from in the pictures. 

I do not blame the authors for this, as the brains they described have 
generally been preserved by others. 

How. shall we obtain anthropological data concerning the brain, 
approaching in exactness, the anthropological measurements of other 


parts of the body? 
In the subsequent pages I will present some indices, that seem to be 


useful for this purpose. 
In the first place, however, I must emphasize that more attention 
should be given to the fixation and preservation of the brain. 


The best way to fix the brain is to inject 10/9 formalin into the carotids, before 
taking it out, and transporting it in the skull. 

If, however, this cannot be done, one can, after taking the measurements of the skull, 
remove the brain under water, thus neutralizing its weight and avoiding lesions due to 
pressure. 

The organ should be suspended by the arteria basilaris in a vessel, containing sufficient 
10% formalin to prevent its touching the walls. It remains there at least one month, the 
liquid being weekly renewed. Then it should be photographed from the dorsal, ventral, 
frontal and lateral side, and subsequently cut in the sagittal midline with a long knife 
and photographed again laterally and medially, so that the axis of the photographic 
apparatus stands perpendicularly on the medial brainwall. 

After this, it may be forwarded in moist formalincotton so that the flat mesial side of 
the brain lies on the bottom of the container, separated from the bottom by a thin and 
even layer of cotton and covered plentifully with a similar, but heavier layer of moist 
cotton at the other sides. 

On the box in which it is sent should be a label, stating which side is to remain up 
(the mesial side of the brain should always be down). 

These instructions are so simple, and at the same time so necessary, that it seems 
superfluous to write them down, were it not that practice has proved that they are . 
generally neglected 4). 


After this the general morphology may be recorded in the following way : 
The general relations to be measured on the brain itself, are the greatest 


1) DERCuM. A description of two Chinese brains. Journ. of nervous and mental diseases, 
Vol. 16, 1889. 

DERCUM. Note on a Chinese brain. Ibidem Vol. 19, 1892. 

2) RETZIuSs. Das Gehirn eines Lapplanders. Internationale Beitrage zur wissenschaftichen 
Medicin. Festschr. f. R. Virchow. Bnd. I, 1891. 

3) Kurz. Zwei Chinesengehirne. Zeitschr. f. Morphologie und Anthropologie. Bnd. 16, 1913. 

Kurz. Das Chinesengehirn. Zeitschr. f. Anatomie und Entwicklungsteschichte. Bnd. 72, 
1924. 

4) The meninges are best removed after the brain.has been in formalin for a few 
days. It may be a little easier immediately before fixation, but then there is a greater 
chance of ,disforming the brain. ; 

The removal of the meninges should also be done under water. 
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transverse diameter and the greatest length (brainindex), the diameter 
between the triangular opercula (frontal diameter) and the greatest 
bitemporal diameter. 

The other indices can be best measured on the photographs of 
the lateral and the medial sides. For these, the following lines (see figs. 
1 2, 3, 4, 5, 6, 7, 8) should be drawn: 


Laterally : 

1. A line connecting the basis of the operculum orbitale with the 
basis of the lobus occipitalis: the lateral horizontal. 

On this line the following perpendiculars are traced: 

2. the perpendicular along the anterior pole of the frontal lobe: the 
frontal perpendicular. 

3. the perpendicular along the anterior pole of the temporal lobe: 
the insular perpendicular (measured from the top to the lateral horizontal). 

4. the perpendicular from the highest point of the parietal lobe: the 
parietal perpendicular. 

5. the perpendicular along the posterior pole of the occipital lobe: 
the occipital perpendicular. 

6. the perpendicular from the utmost ventral part of the temporallobe: 
tempozal perpendicular. 


Medially : 

7. the line connecting the basis of the splenium with the basis of the 
genu corporis callosi: the basal callosum line. 

8. the perpendicular from the highest point of the corpus callosum 
upon this line: the callosum perpendicular. 

9. the line between the most frontal and most caudal points of the 
callosum: the callosumlength '). 

10. a line parallel with the bottom of the fourth ventricle to the basal 
callosumline: the stemaxis. . 

By the use of these lines, which should be measured with the nonius, 
the following indices may be calculated: 

A. The general height index of the brain, being the pane perpen- 
dicular divided by the lateral horizontal. 

B. The occipital index, being the parietal perpendicular, divided by its 
distance to the occipital perpendicular. 

C. The temporal index, being the temporal perpendicular divided by 
the lateral horizontal. 

D. The frontal height index, being the insular perpendicular, divided 
by its distance to the frontal perpendicular. 

E. The frontal length index, being the distance from the insular to 
the frontal perpendular divided by the lateral horizontal. 


1) In my photographs this line is drawn over the whole cerebrum for reasons of no 
importance here. 


6* 
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F. The callosum index, being the callosum perpendicular, divided by 
the callosumlength. 

G. The stemangle, being the frontal angle between the stemaxis and 
the basal callosumline. 

The lateral horizontal, furthermore, permits a measurement of the 
ventral extension of the rostrum orbitale. 

The following tables contain the figures thus found in some dolicho- 
cephalic Dutch, some Chinese, some brachycephalic Dutch and some 
foetuses and neonati. 


Dolichocephalic Dutch brains. 


Onin | index | Height | Oren | Tempe” height | legen | Celorum 
W.G. 15296 Ten 0.487 115 0.142 1.91 0.227 0.315 
W.G. 15302 76.8 0.457 1.37% 0.130 1 fe 02233 0.261 

Garens 77.0 0.486 1.15 0.130 1.84 0.224 0.327 
W.G. 15297 Vier 0.477 1.08 0.175 1.85 0.214 0.314 
W.G. 15258 78.5 0.520 bal4 0.136 1.88 0.241 0.300 
W.G. 15256 79.8 0.507 1.28 0.162 1.85 0.252 0.370 
W.G. 15244A 80.3 0.501 1.18 0.143 1.90 0.230 0.357 

Average: 0.491 119 0.145 1.85 0.231 0.321 


That the number of brains mentioned in this table (I disposed in total 
of 22 Chinese brains and many more dolichocephalic Dutch brains 
and foetuses) is not larger, depends on the fact that I have used only 
the best preserved material for this purpose. 

Comparing the average figures of the .dolichocephalic Dutch with those 
of the Chinese, we see that all perpendicular indices in the Chinese are 
greater, the general height index (Chinese: 0.535, Dol. Dutch 0.491) as 
well as the occipital (Chin. 1.56, D. Dutch 1,19), temporal (Chin. 0.166, 
D. Dutch 0.145) and the frontal height index (Chin. 1.93, D. Dutch 1.85). 

The average callosumheight is also larger in the Chinese than in the 
dolichocephalic Dutch (Chin. 0.383, D, Dutch 0.321), (thus confirming 
Dr. MA WEN CHA0o’s!) interesting observation). 

The stemangle in the dolichocephalics here used is*not recorded in 
my table, because I had removed the cerebella, for my researches on 


1) A comparison of the form of the callosum and septum in the Chinese, Philippino 
and Dutch brains. These Proceedings, Vol. XXX, Febr, 1927. 
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Fig. 1. Dolichocephalic 
Dutch cerebrum. 
Right hemisphere, lateral side 
(Garens). 


Fig. 2. The same. Mesial side. 


Chinese. ee 
L.B. : ee Frontal | Frontal 
oe F Height | Occipi- | Tempo- : Callos. | Stem- 
origin ea index | tal ind. | ral ind. Hela jog height | angle 


INS Chime 11 175-59"), 02524 1.43 | 0.160 1.900) OF 214; a 06420 100° 
INa Chins 47 if o.2 | 0525 1.52 | 0.180 1.94 | 0.216!/.) 0.423 105° 
INeChinw 2b ie 02557 140) 5 NO 1S5 1.92 | 0.254 | 0.360 104° 
INS GhinglS.) 561-26 05534 1.82 | 0.193 129105 226)")1)0. 360: 99° 


N. Chin. 18 | 86.6 | 0.536 D260 3, 02163 1.98 | 0.206 | 0.350 100° 


Average: 0.535 1.56 | 0.166 1293) (10.223, 40.383 1013/,° 
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the relative cerebellar weights '), before photographing them, and I am 
not sure that the stemangle has not changed by this manipulation. 


Fig. 3. Northern Chinese. 
NO. 18. 


Left hemisphere, lateral side 


Fig. 4. 
The same. Mesial side. 


In other dolichocephalic material (among which one examined in the 
halved skull) I found an average stemangle of at least 106°, while the 
average in my Northern Chinese is only 1013/;°. The narrow fossa 
interpeduncularis thus arising in the Chinese also struck KURZ (l.c.). 

These figures illustrate the fact which I pointed out before”), namely, 
that the explanation of this phenomenon is to be found especially in 
the antero-posterior shortness and dorsal height of the Chinese brains 
(and skulls); in other words in the hypsicephalic type of the Chinese. 


1) These Proceedings, Vol. 28, 1925. 
2) ARIENS KAPPERS. Over de hersenen der Chineezen. Ned. Tijdschr. v. Geneesk. 
1926. — Eerste helft, no. 11, p. 8. 
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While the Central-Asiatics are more brachycephalic, the Chinese are more hypsicephalic. 
Mocut!) called the Samoyedes platybrachycephalic (as also the Kalmucks, Kirgeese and 
Tartars) while he calls the Chinese hypsi-mesati- -brachycephalic. 


Fig. 5. 
Dutch, brachycephalic. - 
Right hemisphere, lateral side. 
Velt. 


Fig. 6. 
The same. Mesial side. 


REICHER2) gives as the breadth height index in Buriates 85,9 and in the Kalmucks 
87,5, whereas according to the same author this index in the Chinese is 97,7 and, accord- 
ing to KOGANEI3) even 100,2. 


Now, reviewing the figures found in exquisite brachycephalic Dutch 
brains it is evident that they approach those of the Chinese. 


1) Mocui. Cranii cinesi e giapponesi. Arch. per l'Antropologia, Vol. 38, 1908 p. 324: 
“Dei cranil cinesi alcuni pochi sono simili per forma ai Samoiedi, ma la grande maggior- 
anza ne differisce notevolmente per lo svillupo in altezza”’. 

2) REICHER. Untersuchungen iiber die Schadelform der alpenlandischen und mongalunhen 
Brachycephalen. Bnd. 15 u. 16 Zeitschr. f. Morphol. u. Anthropol. 1913, p. 59. 

3) KOGANEI. Messungen an mannlichen Chinesen Schadel. Zentralblatt fiir Anthropologie 
Bnd. 7, 1902, p. 129. 
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Dutch Brachycephalics, 


SS 


L.B : ae Frontal | Frontal 

a ose Height | Occipi- | Tempo- ; Callos. | Stem- 

Origin ae. index | tal ind. | ral ind. ae nes height | angle. 
————— tt es 

Bo 84.8 0.369 97° 
Le 8558 nO. 451 1.46 ~ 0.135 1.73 | 0.241 | 0.337 | st. cut off 

Go 87 0.512 1.20 | 0.182 1.99 | 0.230 | 0.434 103° 

Velt 89.87 | 0.536 164" 0. 164 1.90 | 0.240 | 0.366 ‘101° 
Krijt 90.24 | 0.591 1.50 | 0.160 1.93 | 0.262 | 0.402 |st. cut off 
Average: 0.5221/.) 1.45 | 0.160 1.88 | 0.243 | 0.382 1001/3° 


Putting the average figures next each other we get the following 


. review: 
—_———————————————————— 
F ; ; Dutch Dutch 
ce Pace Brachycephalics Dolichocephalics 
a 
Height index 0.535 0.5221/, 0.491 
Occipital index 1.56 1.45 1.19 
Temporal index 0.166 0.160 0.145 
Frontal height index ACE) : 1.88 1.85 
Callosum height 0.383 0.382 0.321 
Stemangle 1013/,° 100!/3° 106° 


From this it is evident that in these relations the brachycephalic Dutch 
are nearer to the Chinese than the dolichocephalic Dutch. This is not 
strange, as in both the Chinese and the brachycephalic Dutch the skull 
is relatively short. Though in the Chinese this is compensated for 
particularly by the height, and in the brachycephalic Dutch more by the 
breadth of the brain (Dutch brachycephalic are not really hypsicephalic), 
it is apparent that the height indices have increased to some extent 
in Dutch brachycephalics also, though not nearly as much as in the 
Chinese. 

If, however, I compare my most brachycephalic brains (Velt and Kryt) 
with those of the Chinese, these indices approach or even excel those of 
the Chinese. 

Among the Dutch such indices are only found in strongly brachycephalic 
individuals, whereas they occur in mesaticephalic Chinese. 

Apparently this is to be explained by the fact that the brains of the 
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Brain-Indices Rea Velt !) Kryt }) 
L. B. Index 79.20 89.87 90.24 
Height index 0.535 0.536 0.591 
Occipital index 1.56 1.64 1.50 
Temporal index 0.166 1.64 1.60 
Frontal height index 1.93 1.90 1.93 
Callosum height 0.383 0.366 0.402 
Stemangle 1013/;° 101° ; Stem cut off. 


Dutch brachycephalics extend more laterally and less in height than those 
of the Chinese, so that only a part of the relative shortening of the 
Dutch brain is compensated for by an increase in height. 


Fig. 7. Child two months 
of age. Left hemisphere, 
lateral side. 


Kurz is inclined to derive the form of Chinese brain from that of the 
Orang Utang, which (in addition to the Gibbon) is the only Asiatic 
anthropoid. One need not go so far, however, as to accept a different 
anthropoid ancestry for the Chinese and the Caucasians. 

As I pointed out already some years ago the general morphology of 
the human brain about the time of birth resembles that of the brachy- 
cephalic Dutch and especially that of the Chinese. 


1) The skull indices of Velt and Kryt, according to the measurements, made in the 
pathological institute at Groningen, were 87, 87 and 88. 

I wish to express my thanks to Prof. DEELMAN and Dr. DIJKSTRA for giving me 
these figures and these brains. 
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So calculating the above mentioned indices in foetuses shortly before 


Fig. 8. 
The same. Mesial side. 


birth, in neonati and young individuals, again using only well 
preserved material, I get the following figures: 


Foetus and Neonati. 


Frontal | Frontal Callos. 


Height | Occipi- | Tempo- Stem- 


Origin index | tal ind. | ral ind. height length height | angle 
index index 
Foetus 45 cM. 0.622 oa. Oslo 1.91 0.290741 0.4345 lecut off 
Praemature (4 weeks) | 0.596 154 al OETA? 1.86 0.284 0.424 92° 
Neonatus nearly a terme} 0.592 1.60... }°0.144 1-90 © |-0:272 7 || 053661) J) cut off 
Neonatus a terme 0.564 163) yO, 18d MAL a OS286) 802355. 93° 1) 
Child 2 months 0.564 £501 05104: 174-8 0 26055)| 05433. 93° 
Child 4 months 0.577 130s eOCMS Seal lo pam mOn2 Seu aOz, 106° 
Average: 0.586 1.47) | OF157, P62) 10279!) 10,402. 96° 


Arranging these average figures next to the average figures of the 
Chinese, brachycephalic and dolichocephalic Dutch, it appears that the 
indices found in foetuses and neonati, excepting the frontal height index *) 
are larger than those in the dolichocephalic Dutch. They resemble those 
in the brachycephalic and Chinese, and their general height and callosum- 
indices, even surpass those of the Chinese. 


!) Another neonatus measured in the skull had a stemangle of 98 9/. 

2) The frontal height-index of foetuses and neonati cannot be compared with those of 
the adult, as the temporal lobe still grows out in a frontal direction in postfoetal life, 
and thus this perpendicular in the adult is displaced in a frontal direction. 
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Beater luicines hares 9 | cectatalt © Neteatl i olDolldhee polis 
Height index 0.535 0.5221/, 0.586 0.491 
Occipital index 1.56 1545 1247; jy 
Temporal index 0.166 0.160 157 0.145 
Frontal height index 1.93 1.88 1.82 1.85 
Callosum height 0.383 0.382 0.402 0.321 
Stemangle 1013/5° 100!/3° 96° 106° 


This result corresponds to the skull indices of neonati. Thus RETZIUS found Swedish 
foetal skulls inclining’ more to brachycephaly than full grown ones (quoted after MARTIN !). 
Similarly ROsE?), in Swiss schoolboys in Schaffhausen stated a decrease from 84 to 82,5 
between 8 and 18 years and FRETS3) in Dutch boys found a decrease from 82,14 to 
79,27 from the Ist. to the 20th year. 

In this connection, it is not strange to find indices in Dutch perinatal brains, similar to 
those of the brachycephalic Dutch or even to those of the Chinese. 

It is evident, however, that Dutch foetuses also have a more hypsicephalic character 
than full-grown Dutch 4). 

In view of these facts we should consider if it is not possible to use 
Bo.k’s theory of retardation to explain the general morphology of the 
Chinese brain, the more so as not only their height indices, but also their 
more rounded temporal lobes, their larger rostrum orbitale (c.f. fig. 3 
and 7) and smaller stemangle remind us the fetal and neonatal characte- 
ristics of the Dutch brains. 

To escape being called a partial critic | may remark that some of the 
characteristics of the Chinese brain can be accounted for without this theory, 
in as much it is a custom among the Chinese to force the babies, immediately 
after birth and later on, to rest their heads on the occiput in sleeping. 

A flattening of that part which thus may arise, is favored, — so | 
have heard — sometimes by massage of the posterior part of the head. 

This may lead to a fronto-occipital abbreviation and to an increase 
of the height of the skull, which again might explain the occipital and 
general height-indices of the brain. 

As far as the transverse orbital ridge is concerned, this explanation is the more probable, 
as I found it most pronounced in a hydropic Chinese cerebrum, in which the pressure in 
the skull is naturally greater. 


Even the broader opening to the fossa sylvii and round temporal pole 


1) MarTIN, Lehrbuch der Anthropologie, FISCHER Jena, 1914, p. 605. 

2) ROSE, Beitrage zur Europdischen Rassenkunde. Arch. fiir Rassenbiologie, Bnd 2 (p. 689), 
1905; Bnd 3 (p. 42), 1906. 

3) FRETS, Heredity and Headform in man, Genetica, Vol. 3, p. 193. 

4) REUTER noted an analogous phenemenon at the skulls of Pommerian children. See 
MARTIN, Lehrbuch der Anthropologie. p. 606. 
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already observed by Kurz (which occurred in three of my brachyce- 
phalic Dutch as well) may perhaps be thus explained, as these features, 
just as the transverse orbital ridge immediately in front of the temporal 
lobe (also present in RETzIUS’ Laplander), may be produced by pressure 
against the wings of the sphenoid. 

It is, however, more than doubtful whether the often occurring rostrum 
orbitale, the concave form of the orbital brain surface, and the smaller 
stemangle of the Chinese may thus be accounted for. 


Besides we should be very careful about accepting a one-sided artificial external pressure !) 
as a sufficient explanation of the whole skull form!). It is well known that WALCHER ?) 
thus explained brachycephaly as a consequence of the infants sleeping occiput down 
and dolichocephaly by their sleeping with the lateral sides of their heads on the cushion, 

Though the influence of these positions may be noted at times, VAN DEN BROEK’s3), 
observations upon his own twins do not favor this as a constant,factor. Also the fact 
that in animals (Canidae, Suidae, Ovidae) domestication produces a shorter, broader skull 4), 
though pressure in the above named sense is excluded, should us make careful in this 
respect. Probably many factors besides the form of the brain are important in deter- 
mining the form of the skull. So general metabolic influences (NATHUSIUS, NEHRING, 
HENSELER, BOAS) >), or the action of vitamines (ECKSTEIN), and the influence of hormones 
(KEITH®), BOLK’), STOCKARD 8)), must also be considered as well as general cultural 
relations (RETZIUS, AMMON) including the collective influence of all surrounding factors. 

Finally the relative proportions between the head and the body of the individual are 
important, principally in animals (KLATT). ‘ 


If, however, artificial pressure on the occiput is insufficient as an 
explanation, it is reasonable that we should view these phenomena in 


1) Already MACALISTER (The causation of brachy- and dolichocephaly. Journ. of Anat. 
and Physiol., vol. 32, 1898 p. 334), critisized this standpoint. He considered the primary 
development of the central lobes as the principal cause of perinatal brachycephaly. 

2) WALCHER. Ueber die Entstehung von Brachy- und Dolichocephalie durch willkiir- 
liche Beeinfliiszung des kindlichen Schddels. Zentralblatt f. Gynaek., Bnd 29, 1904 and 
Korrespondenzbl. der Anthrop. Ges., Bnd. 36, 1905. 

WALCHER. Weitere Erfahrungen etc. Miinchener Med. Wochschr., 58, 1911. 

3) VAN DEN BROEK. Korrespondenzbl. der Deutschen Gesellsch. f. Anthrop., Jahrg. 47, 1916, 
p. 68. Zur Frage der willkirlichen Beeinfliissing der Schadelform. One of his twins, born 
dolichocephalic (measured two days after birth its index was 72,4) put in the cradle gave 
its head a lateral position, the other, born brachycephalic (82,2) gave its head an occipital 
position. The dolichocephaly of the one and the brachycephaly of the other first increased, 
being 71 and 86,3 after 4 months, but after a year the dolichocephaly and brachycephaly . 
both decreased (75 and 83) and after 3 years still more so (77,1 and 82,4). WAN DEN 
BROEK therefore doubts WALCHER’s conclusion ands asks whether this author does not 
reverse cause and consequence. 

4) Concerning the influence of domestication and feeding, see KLATT. Studién zum 
Domestikationsproblem. Untersuchungen am Gehirn. Bibliotheca genetica, Bnd. 2, 1921, 
and BASLER, Die Beeinfliissung der Schadelform durch die Umwelt. Deutsche medizinische 
Wochenschrift, No. 43 und 44, 1925. 

5) Boas. Changes in bodily form of descendants of Immigrants. Imigration Committee 
Document No. 208, Washington. 

6) KEITH, Differentiation of mankind etc. Ass. for Adv. of sciences, 1919. 

7) BOLK, The part played by the endocrine glands etc. Lancet, 1921. 

8) STOCKARD. Human types etc. Am. Journ. of Anatomy, Vol. 31, 1923, p. 261. 
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the light of BOLK’s theory, and consider a further development of the 
skull in its fetal form as a basis of explanation particularly since analo- 
gous features are observed in brachycephalic Dutch, where artificial 
pressure as a constant factor cannot be adduced. 

Proof might be attained if other parts of the Chinese body showed 
characteristics, which could be explained as persisting late fetal or early 
post-natal features. Now this actually occurs. 


Thus BIRKNER!) found the size of the platysma-muscle to be unusually large. extend- 
ing as a rather closed plate over the face, a feature which occurs only among the 
West-Europeans, in very young children. , 

Furthermore in the Chinese, the zygomaticus and the quadratus labii superioris persist 
as rather closed muscleplates, enlarged by irradiating bundles from the orbicularis oculi 
to the mouth-angles, another finding which also occurs in young European children. 
Similarly TokuyasoO KuDO?) who compared the facial musculature in fifteen Japaneze, 
three Chinese and five Europeans, stated (l.c. p. 669) ,,the Japanese and Chinese are 
separated from the Europeans by a somewhat smaller differentation, a tendency of single 
muscles to fuse superficially in a single plate. This tendency is stronger in the Chinese 
than in the Japanese (l.c. p. 669—670). And ,,In Mongolians as a race the three parts 
of the quadratus labii superior fuse into a single plate, further, the caput zygomaticus, 
constantly present in Mongolians, is distinguishable with difficulty from the neighbouring 
muscles (l.c. p. 671). BOLK 3), though generally inclined to regard the white Homo nordi- 
cus as the most fetalised type has pointed out himself, however, that the Mongoloid fold 
and epicanthus, characteristics of the Chinese upper eyelid, are encountered as a fetal 
phenomenon in Europeans. The deep noseroot and protusio bulbi should also be con- 
sidered as foetal relics, according to this author. 

SHELLSHEAR 4) (l.c. p. 7) has remarked that the parenchyma of the thymusgland persists 
until a later age than in the European. HAMMaR's®) ages corresponding to that type 
are not in agreement with the findings in the Chinese. In them the young adult condition, 
instead of changing at 20, runs on till about 25 years of age. 

The thymusgland undergoes its involution at a later period in the Chinese than in 


Europeans. 
Finally SHIROKOGOROFF and APPLETON ®) point out (l.c. p. 110) that — especially 
among the northern Chinese — the hairgrowth is strongly retarded in comparison with 


that of Europeans. In men this holds good as well for the beard as for the pubic hair 
and in women it applies to the pubic and axillary hair. These writers say; ,,It is very 
characteristic in Chinese women that they have sometimes no axillary and pubic hair at 
all (lc. p. 110).” 

Dentition among the Chinese also seems to follow a different periodicity from that of 
Europeans: ,,there is a retardation of full dentition (except in the third molar) which 


1) BIRKNER. Die Anthropologie der Mongolen. Arch. fiir Rassen u. Gesellschaftsbiologie, 
Jahrg. 1, 1904, p. 817. 

2) Tokuyaso Kubo. The facial musculature of the Japanese. Journ. of. Morphology 
Vol. 32, 1919, p. 637. 

3) BOLK. Over Mongolenplooi and Mongoloide idiotie. Ned. Tijdschr. v. Geneesk. Iste 
helft 1923. Afl. 3. See also: Over de oorzaak en de beteekenis van het niet sluiten der 
schedelnaden bij den mensch. Ibidem 1926, 2de helft N°. 21. 

4) SHELLSHEAR. The thymusgland in the Chinese. China med. Journal, August 1924. 

5) HAMMAR. Die Menschenthymus Teil 1. Das normale Organ, Akad. Verlag, Leipzig, 1926. 

6) SHIROKOGOROFF, Process of physical growth among the Chinese. Volume 1. The 
Chinese of Chekiang and Kiangsu measured by Dr. APPLETON. The Commercial Press 
lim., Shanghai, China, 1925. 
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continues after the age of 15 years. On the other hand there is a premature (comparatively 
with Europeans) appearance of the second and third molars.” 


All of these factors point to a retardation, especially in the Northern 
Chinese (among the inhabitants of Kiangsu these phenomena are even 
more pronounced than in those of Chekiang), and seem to confirm 
SHELLSHEAR’s statement (lc. p. 10) ,,the anthropological type (of the 
Chinese) might almost be regarded from a European standpoint as a 
childlike type”. They also support my view concerning the general 
brainform of the Northern Chinese, that we should explain this form 
from the standpoint of fetalisation. 

A few words more about the frontal length index and the stemangle. 


My figures show that the relative length of the part in front of the temporal lobe’ in 
the Chinese is smaller (0,223) than in the Dutch (Br. 0,243 and D. 0,231), This shortening 
of the frontbrain, is also expressed by the fact that the Chinese have sucha great frontal 
height index. 

On the contrary, the frontal length, that is the distance from the frontal point of the 
brain to the frontal pole of the temporal lobe, is very large in neonati, larger than in 
the Chinese. Consequently in this respect one cannot adduce a retarted proportion in this, 
index among the Chinese, although the frontal lobe itself in fetuses is also relatively short. 
This fetal shortness of the frontal lobe is, however, not expressed by this index, since 
the insular perpendicular has no constant position in the fetus. Its site depends on the 
frontal outgrowth of the temporal lobe (the temporal operculum) and in as much as this 
operculum develops gradually, this perpendicular lies more caudaily in the foetal than in 
the adult brain. 


The stemangle, in the N. Chinese (similarly in RetTzius’ Laplander, 
also a Mongol) is smaller than in dolichocephalic Dutch it is also small 
in brachycephalics, but it is still smaller in the fetus. 

In my opinion this depends on the location and the inclination of the 
foramen magnum in the skull. 

BoLk') has drawn attention to the fact that the foramen magnum 
occupies a relatively more frontal position at the end of fetal life than 
in the adult. As my stemaxis runs through the foramen magnum, it is 
not surprising, that in the fetus it runs steeper than in the adult, where 
it has a more backward inclination. 

Though BOLK believes that the fetal condition has no direct connection 
with the brachycephaly of the fetal skulls, it is remarkable. that he also 
found the inclination of the foramen magnum to be turned more 
frontally in brachycephalic than in dolichocephalic Dutch, as I did for 
the stemangle. 

Considering all the other fetal relations of the Chinese brain, it seems 
probable to me that also their smaller stemangle should also be regarded 
from this view point. 


1) L. BOLK, On the position and displacement of the Foramen magnum in the Primates, 
These Proceedings, 12, p. 362, (1909); On the slope of the Foramen magnum in Primates. 
Ibidem, 525, (1909). 


Physics. — On the absorption-spectrum of chromium-oxy-chloride. By 
A. C. S. vAN HEEL. (Communicated by Prof. W. J. DE Haas.) 


(Communicated at the meeting of November 27, 1926). 


The vapour of chromium-oxy-chloride, CrOsCls, otherwise chromyl- 
chloride, absorbs all visible light with wave-lengths smaller than ca. 
5000 AE. The limit of the range of absorption is very vague and depends 
greatly on the density of the vapour and on the length of the path, which 
the light travels. Besides this continuous absorption there is an absorption 
spectrum which exhibits many lines between ca. 5900 and less than 
5000 AE. The liquid absorbs continuously all light with wave-lengths 
smaller than ca, 6000 AE. 

These facts were already known by STONEY and REYNOLDS, who, accord- 
ing to KAYSER (Handbuch der Spectroscopie, III, page 367), observed this 
spectrum for the first time in 1871. Afterwards only F, KABiTz (Diss. Bonn, 
1905) effected measurements, which have been communicated by KAYSER 
(l.c.). The precision of these determinations amounts to some Angstrém- 
units. The fact, that KABITZ could locate all observed lines in five series, 
induced us to undertake a closer examination. It is not surprising that 
there existed a rather constant difference of wavelength between succeeding 
lines of each of the series, the range of the absorption being small. The 
difference of the wave-numbers of the lines turned out to have a much more 
constant value. 


In order to enable an accurate measurement of the wave-lengths it proved 
necessary to make use of low pressures of the vapour. Indeed the lines 
get fine by lowering the pressure and at the same time the intensity of the 
continuous absorption diminishes greatly, more than the intensity of the 
line absorption, 

The pressure in the absorption-tube was regulated.in the following 
way. A lateral tube with a not too small quantity of liquid chromyl- 
chloride was kept at constant temperature in a Dewar-vessel filled 
with alcohol. The alcohol was cooled by a stream of liquid air, which 
was siphoned out of a reservoir into a U-tube, placed in the alcohol, where 
it evaporated and flowed away in gaseous state. 

The velocity of flow could be regulated, and thereby the a alee of 
the alcohol in the stationary state. 

This apparatus, provided with a stirrer with a funnel (which was not 
even necessary for our research) is very suitable for keeping constant 
temperatures, which are not too low, to within some hundredths of a 
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degree; this is pointed out by HENNING in Temperaturmessung, 1915, 
page 221. 

Many hours at a stretch the temperature (measured with a constantan- 
iron thermo-element, connected with a potentiometer of Cambridge and 
Paul's Co) was constant within a range of some tenths of a degree, quite 
sufficient for our purpose. 


The filling of the absorption-tube caused some difficulty, as the chromyl- 
chloride is impaired or decomposed by all organic compounds and also by 
mercury and water, 

Clouds of HCl are formed with aqueous vapour, preventing the appear- 
ance of the fine absorption-lines. The solid CrO3 which is formed during 
this reaction, has practically no vapour, so it cannot influence the absorption 
appreciably. 

The chromyl-chloride, produced by KAHLBAUM in small scaled of! vessels 
each containing 2 grams, might also contain HCl. In order to remove this 
contamination the filling was done in the following way, represented 
schematically in figure 1. 


Fig. 1. 


The absorption-tube AB had a lateral tube D, above which a small 
lateral tube C has been blown; by C a small quantity (e.g. 6 grams) of 
chromyl-chloride was introduced into D; thereupon C was closed. The 
bottom of D was then plunged in liquid air and the tube was connected 
by the tap K with a Langmuir-pump, which evacuated the vessel 
provisionally, 

Between D en K some faite ataps F,, Fy, Fz had been blown on, 
each of which was plunged in liquid air, Fy containing cocoa nut coal. 
These traps prevented the vapour of chromyl-chloride from penetrating 


to K. 
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Now the pumping was continued with the vessel D’ containing liquid 
air, removed. The chromyl-chloride present in D melted (at ca. 
-100° Cent.), filled the tube with vapour and ended by boiling vehemently, 
in the meantime releasing the dissolved HCI. Thereupon D was again 
cooled with liquid air. This operation was repeated some times, till D 
retained no more than 1 cm? chromyl-chloride. The tube E was then 
blown off and the absorption tube was ready for observation. 

To get a perceptible selective absorption at very low pressures, it was 
necessary to make the length of the absorption-tube very large. The best 
results were obtained with a tube of four metres. A diameter of 5 cm. was 
necessary to lead the light such a distance through the vapour. The ends 
had been provided with pieces of plate-glass to prevent ioss of light by 
irregular refraction. 

These pieces were too large to be blown in into the tube, so they had to be 
cemented on its ends. Piceine and other sealing-waxes are impaired 
strongly by the vapour of chromyl-chloride. Therefore they were 
cemented with heat-isolation material smeared on the outside with 
piceine. In this way the vacuum could be kept for several weeks; the 
piceine was protécted sufficiently against the disintegrating influence of 
the vapour. 

When the absorption-tube had been filled for a long time, the walls were 
covered by a brown layer, which however did not show any absorption- 
lines in the spectrum, as appeared from some exposures. So no 
inconvenience in studying absorption of the vapour had to be feared from an 
eventual covering of the pieces of plateglass by such a brown layer. 


The absorption-spectrum was photographed with a Rowland-grating 
of 14438 lines to the inch (radius of curvature 10 feet) in stigmatic mounting. 
This mounting has been excellently constructed in the workshop of the 
laboratory under direction of Mr P. vAN DEN AKKER after the data of 
MEGGERS and Burns (Sc. Pap. Bur. of Stand., N°. 441, 1922); besides 
its stigmatism it has the advantage of yielding very luminous spectra, whose 
dispersion indeed is smaller than in Rowland’s mounting, but whose 
resolving power is not less, 

The resolving power of the grating in the first spectrum, which has been 
always used in this research, is 50000, its dispersion 11 AE per mm. The 
width of the slit was .09 mm during most of the exposures, 

At first use was made of a Philips tungsten arc lamp (35 Watts). 
The times of exposure were however too long with it, at least 28 hours. 
A small carbon-arc then was used. The surface-brightness of the crater 
was increased by feeding the lamp with 8 A instead of its normal 
current of 3 A. ; 

The light was rendered parallel by an achromatic lens, then sent through 
the absorption tube and sent back through the tube by a mirror at the 
further end. The light now leaving the tube the second time was 

7 
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concentrated by a total-reflecting prism and a second achromatic lens on 
the slit of the spectrograph. The path of the light in the vapour of 


chromyl-chloride thus amounted to eight metres. 

The exposures were made on ‘Kodak Commercial Panchromatic Films” 
(5 by 30 cm). The measuring always took place by means of a 
comparison-spectrum of iron, obtained by changing one of the carbons of 
the arc for a small iron rod. 
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Fig. 2. 
Photogram of a part of a negative 
11 AE=1 mm on the negative =4 cm on the photogram= 19 {mm on this reproduction. 


The measuring of the negatives obtained was done on a comparator of 
the Société Génévoise; the errors of its screw are automatically corrected 
by an appropriate shift of the zeropoint of the vernier on which the readings 
are taken. The attainable accuracy is in the neighbourhood of .001 mm. 
corresponding at the given dispersion with ca, .011 AE. 


TABLE. 

Int Ain LA. | ee Int. Ain IA. ia 
2 5899-25 16946 °6 2 5646°5 17705°2 
2 5865°45 17044°3 1 5645°9 17707°1 
2 5844°73 17104°7 1 5643°3 17715°2 
2 5826°2 17159°1 1 5641°5 17720°9 
2 5817-00 17186°2 5639-28 17727°8 
2 5809°2 17209°3 f 5638°6 17730°0 
5 5798-78 17240°2 1 5636°9 17735°3 
3 5791-3 17262°5 2 5631°3 17753°0 
3 5781°4 17292°1 1 5628-3 17762°4 
3 577231 17319°3 1 5625°9 17770°0 
8 5753: 87 17374°8 }) 1 5623°7 17777°0 
3 5744°9 17401-9 5622°61 17780°4 
5 5735°1 17431°7 wo) 5622°17 17781°8 
5 5726'97 17456°4 5621°52 17783°9 
10 5709: 26 17510°6 2) 1 5619-2 17791°2 
2 5701-1 17535°6 2 5616°8 17798°8 
5 5690°4 175690 . 5615°50 17802°9 
5 5682: 86 17591°9 3 5614°35 17806°6 
1 5674°7 17617°2 2 5610°6 17818°5 
2 5667°3 17640°2 1 5608°0 17826°7 

(| 5665°77 17645°0 1 5607°40 17828°6 

. (| 5665-03 17647°3 1 5606 ° 66 17831°0 
1 5663°1 17653°3 1 5606" 1 17832°8 
1 5661°5 17658°3 3 5605°2 178356 
3 5658°0 17669°1 3 5604°5 17837°9 
3 5657°1 1767171 3 5603°5 17841°0 
1 5653°7 17682°6 1 5602°2 17845°2 
2 5650°5 17692°6 2 5599°7 178532 
1 5648°2 17699°9 1 5598-0 178586 


1) Double, distance of the components: *66 AE or 2°0 frequency units. 
2) Double, distance of the components: *84 AE or 2°5 frequency units. 
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Ain lA. 


Int. We Abas Int. Ain LA. ree 
5596: 82 17862°3 1 5547°4 18021°5 

10 5596: 30 178640 1 5546'2 18025°4 
| 5595°75 17865°8 1 5545°4 180280 

1 5594°2 1787077 1 5544°3 18031°5 

1 5593-2 17873°9 1 5541°9 18039°4 

1 5591-1 17880°6 10| 5541°14 18041°8 

1 5590°1 17883°8 1} 5539°2 18048: 1 

1 5589°3 17886°4 15¢ 1| 5538°5 18050°4 

1 5588" 1 17890°1 0) 5537°8 18052°7 

1 5586°7 17894°7 2) 8537334 18054°2 

1 5583°8 17904°0 4 5532°7 18069°4 

3 5582" 15 17909°3 5 5530°12 18077°8 

3 5580°38 17915°0 3 5524°62 18095°8 

5579°9 17916°5 2 - 5519-6 18112°2 

10 5579°1 17919°1 5517-3 18119°8 
5577°5 17924°2 ; 5516°2 18123°4 

1 55746 17933°5 5512°9 18134°1 

1 5573°5 17937°1 0} 5511°2 18139°8 

3 5572°45 17940°5 3 5509°0 18147°1 

3 5570°90 17945°4 2 5507°2 18153°0 

2 5564°6 17965°8 5500°6 18174°8 

4 5561°4 17976°1 10} 5500°05 18176°6 

2 5558°7 17984°8 5 5491-19 18203°6 

2 5557°6 17988°4 5 548893 18213°4 

1 5556°1 17993°3 5485°0 18226°5 

1 5555°6 17994.9 5 5483°4 18231°8 

5554°92 17997°1 8 547566 18257°6 

a 5552°93 18003°5 6 5471°9 18270°1 
(2 | > 5549-3 18015°8 5469°0 18279°8 
1 5548°5 -18017°9 | 5467°7 18284°2 
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TABLE (Continued). 


Int. Ain IA. Giese: Int. Ain LA. Avec 
3 5464°9 18293°5 4 5347 ° 34 18695°7 
10 545960 18311°3 10 5341°27 18716°9 
5 5451°8 18337°5 8 5333°62 18743°8 
5448°9 18347°2 5 5325°46 18772°5 
+} 5448°1 18349°9 10 5317-93 18799°1 
2 5445°6 18358°4 5309°18 18830°1 
5443°6 18365°1 6 5302°51 18853°8 
1 5441°5 183722 10 5295'07 *| 18880°3 
5435°54 18392°3 3 5284°92 18916°5 
Pe 5435°05 18394.0 10 5279°53 18935°8 
1 5429°7 18412°1 5 5271-05 18966°3 
2 5427°54 18419°3 10 5258°32 19012°7 
4 5424°6 18429°4 8 5249°51 19044°1 
2 5424°1 18431°1 8 5234: 26 19099.6 
10 5419°23 18447°7 10 5221-18 19147°4 
I 5411-4 18474°4 2 5211-86 19181°7 
5 5410°8 18476°4 3 5206°4 19201°8 
3 5409-4 18481°2 8 5198°50 19231°0 
3 5406: 8 18490°1 8 5183-99 19284'8 
1 5405-0 18496°3 3 5175°44 19316°7 
5403°5 18501°4 10 5165°43 19354°1 
3} 5402°2 18505°8 2 5161°70 19368" 1 
5396 ‘07 18526'9 3 5151°3 19407°2 
10) 539503 18530°4 5 5139°4 19452°1 
5 538683 18558°6 5 5129°4 19490°0 
5 5384°4 18567°0 5 5125°0 19506°8 
10 5379: 84 18582°8 4 5099°7 19603°5 
8 537248 18608 *2 4 5082°5 19669°9 
5364°61 18635°5 5 5056°5 19771°0 
6 5364: 04 18637°5 5 5036 °4 19849°9 
5363°56 18639°2 5 5018°3 19921°5 

10 5356°68 18663°1 


——— 


In the case of the sharp and strong absorption-lines an accuracy in the 
measurement of the wave-length of 1: 50000 was within reach, as appears 
from the following independent determinations. 
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negative 5,6-I-1926 negative 2,21-IX-1926 difference 
5500.07 5500.04 +.3 : 50000 
5459.56 5459.63 —.6 : 50000 
5435.27 5435.33 —.5 : 50000 
5419.30 5419.16 +1.3 : 50000 
5379.85 5379.83 +.2 : 50000 


The wave-length was always determined by interpolation between two 
lines of the iron spectrum, whose wave-lengths were looked up in KAysEr’s 
Handbuch, VII, 1924. 

Each independent measurement of an iron line or an absorption line 
represents six independent settings. In this way 58 lines of the absorption 
spectrum were determined in International Angstrém units. 


The first visual observations of the absorption spectrum at low pressures 
proved already that many of the strong lines are doublets or triplets. The 
lowering of the pressure revealed the complexity of the lines. At the same 
time the components themselves also got weaker, so much that it appeared 
impossible to resolve them completely. We resolved therefore to produce 
photograms of the negatives by means of a micro-photometer after MOLL. 
At this instance I was glad to secure the help of Mr ir. W. DE JONG, who 
placed at my disposal the micro-photometer of the mineralogical laboratory 
of the Technical High School, made by him. Once more I desire 
to express my thanks for his kindness. Also to prof. ir. J. A. 
GRUTTERINK I am much indebted for his kind permission for the use 
of this instrument. 

To distinguish casual peaks in the micro-photogram from real lines several 
photograms were made from five different negatives, altogether 
18 photograms. 

On some of these 1 mm, of the negative corresponds with 6 mm. of the 
photogram; on other ones the magnification was stronger viz. fortyfold. 

The measuring of the photograms soon showed the possibility to 
determine with their aid the wave-lengths of all real peaks, using as 
standards the lines, whose wave-lengths had been determined directly on the 
negatives. The feebly and the strongly magnified photograms yielded 
wave-lengths which agreed well with each other, viz. 2 or 3: 50000, 

Only those peaks were measured (on the comparator) which occurred on 
photograms of at least three negatives. 

The wave-lengths obtained in this way in International Angstrém units 
are given in the table. In the first column the estimated intensities are 
given, in column 2 the wave-lengths determined by direct measurements 
of the negatives and by the photograms. ; 

Finally the wave-numbers in vacuo are mentioned in the last column. 
Their calculation was much facilitated by the well known “‘Tabelle der 
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Schwingungszahlen” of KaysER (1925). The numbers printed in heavy 
type have a precision of 0.4 units, the other ones of 1 unit. 

We hope to be able to communicate something before long about the 
classification of the absorption lines. 

Finally I wish to express my thanks to prof. FokKER for his interest 
and his valuable support during this research. 


: Physical Laboratory of the Technical High School. 
Delft, Dec. 1926. 


Hydrology. — An hypothesis explaining some characteristics of clay: 
By Dr. J. VERSLUYS. 


(Communicated at the meeting of December 18, 1926). 


In 1916 I published an approximate calculation of the tensile strength 
or resistance to tensile stress of ideal soil (1, pp. 77—87). By ideal soil 
is understood that which consists of regularly piled up globules of the 
same size. 

Tensile strength was calculated from the surface tension of what I 
call the pendular water (1, p. 14). An ideal soil in which water is found 


Fig. 1. Fig. 2. 


in the pendular condition can be shown in diagram by fig. 1 or fig. 2 
The small body of water, this is shown in grey, is found around the 
points of contact of the solid particles, those 
solid particles being shown in black. 

According as the pendular bodies become 
larger, the soil contains more water. The volume 
of this water can be deduced from the dimensions 
of the pendular bodies, while the calculation can 
also be made from these, concerning how much 
greater the liquid surface becomes when two 
solid particles are separated from each other by 
an infinitely small distance. In fig. 3 e.g. the 
volume of the pendular body and the liquid surface 
may be expressed in the radius R, half the distance 
between two grains / and the angle ». 

From this the proportion of water of the ideal 
soil may also be expressed _ in y, provided I is 
equal to 0. 

The tensile strength at every percentage of 
water was calculated in this manner. This is shown in a diagram (fig. 4), 
should the diameter of the small particles be 1 mm. The proportion of 
water is given in percentages of the total volume. The widest arrangement 


Fig. 3. 
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of the grains, as in fig. 1, gives a pore space of 47'/,°/o, the closest 
(fig. 2) 26°/) of the total volume. 


Tensile strength 
) 


TREKVASTHEID,GR/oCM. 
or 


uw g2 
£3) 
sj 
b> 1 
2 as 
> ‘ : 
3) ) 5 10 15 20 2526 © 30 35 40 45 476° 
ey WATERGEHALTE IN PERCENTEN 
Rigy 4, 
Dichtste pakking = Closest packing Ruimste pakking = Widest packing 
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According to the calculations the tensile strength of ideal soil, with 
the same proportion of water, in inverse ratio, would be in proportion 
to the size of the grains. 

In a treatise by S. JOHANSSON (II), published in 1913, diagrams of the 
tensile strength of different kinds of soil with various proportions of water 
are met with, determined experimentally. Those diagrams of experimental 
data exhibit a somewhat great resemblance to those computed by me. 
The units in which JOHANSSON expresses the tensile strength are other 
than those adduced by me. Hence the numbers cannot be compared with 
each other, though the diagrams can be so compared, they are given in 
figs 5, 6, 7 and 8. The similarity of the calculated diagram is very great 
and this indicates that the principle adopted by me, in 1916, possesses 
a great degree of probability. 
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Fig. 6. 
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That principle explains the tensile strength of the various kinds of soil 
containing water, without being completely saturated. 

With the aid of the tensile strength, considered in this manner and 
the friction of the solid grains among themselves, the resistance of masses 
of sand to deformation by external forces can be explained. 


Fig. 8. 


With clay other phenomena occur too, such as plasticity, expansion 
and contraction on change in the proportion of water. These can be 
partially accounted for by the contracting effect of the pendular and 
eventually of the funicular (I p. 14) water, for a full explanation of these 
phenomena, however, an expanding force is still required. 

As has been explained, clay can shrink on drying and expand on the 
absorption of water. Clay that has become saturated with water can be 
compressed, provided the water is able to escape and the decline in 
volume is dependent upon the pressure. Clay compressed in this manner 
is again able to expand and by so doing to exert energy when it absorbs 
water. This has been proved by recent tests by K. TERZAGHI (III p.p. 
82—87). According as the pressure becomes greater, the clay becomes 
more compressed and according as it again further expands, the pressure 
which it exercises declines. 

Besides the contracting force which can be deduced from the surface 
tension of the pendular water, there is thus a power of expansion. 
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If the liquid adsorbed by the solid particles be taken to account for 
the power of expansion, other phenomena can also be explained, e.g. 
that clay is still more or less liquid while the surface tension of the 
water in it is already exercising the contracting force. With sand, as 
soon as-this contracting force becomes manifest the internal friction of 
the mass is extremely great. With clay the process of drying must have 
progressed much further before the mass really becomes solid. 

It may be taken that the liquid adsorbed envelops the solid particles 
with a thin layer which cannot be removed without labour. The adsorbed 
molecules of the liquid have a smaller potential energy than those lying 
in the midst of the liquid. 

For the approaching of two solid particles it is necessary that a part 
of the adsorbed liquid becomes transferred to non-adsorbed, for which 
purpose energy must be exercised. A force is thus required to get those 
particles to approach each other. Whether the layer of adsorbed liquid 
is mono-molecular or is built up from layers, each to the thickness of 
one oriented molecule, is a question that has only to be answered in 
the second place. Much might be said for taking it that there are several 
layers, representing more potential energy per unit of volume, according 
as they are lying closer to the solid matter. 

For simplicity’s sake, let us first take it that all layers of the adsorbed 
liquid are under the same conditions. The expanding force may then be 
expressed as follows in the size of the grain D an unknown quantity, 
the potential energy a per unit of volume and the thickness h of the 
adsorbed stratum. 

If two globules, each having a radius R are enveloped with a thin 
layer of adsorbed water having a thickness h, energy will have to be 
exerted so soon as the distance of the centres of the globules becomes 


smaller than 2R+2A. 


Fig. 9. 
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If the distance is 2R+2h—dA, the volume of the adsorbed layers 
becomes reduced by that of the body, the section of which (fig. 9) is the 
figure ACBD. The volume of this body is equal to the sum of two 
segments each having a height of $4 and of globes with radii R-+ h. 

The volume of each segment is: 


tag sdP(oRbShH— aie vee. oe sae 
and the entire volume of the displaced adsorbed water is: 
FeV GRESH—-4A) se 6 et hk 2) 


While if an energy a per unit of volume must be exerted, the total 
energy expended will be: 


ASStlaeViaR 3h Pd\a es) ee) 
The force required for this, with each value of 2 is:. 
dA 
pHa tAA(R+h—F4 ewe es <e)) 
{f h be very small in proportion to R, then we have 
Powe RAS a eee ss te WO) 


On the globules coming into contact, 4 is equal to 2h and the force 
thus increases from 0 to 22ahR on the solid particles coming into 
contact, or zahD, if D is the diameter of the grains. The force is 
therefore proportionate to the diameter of the particles or grains of the 
soil. The number of forces in the section, however, is proportionate, in 
inverse ratio, to the second power of the diameter and the power of 
expansion is therefore proportionate, in inverse ratio, to the size of the grain, 
just as the contracting force, which is responsible for the tensile strength. 

If the adsorbed layers consist of several mono-molecular layers, 
representing greater potential energy according as they are closer to the 
_ solid matter, the power of expansion increases according to another law 
every time when a succeeding layer has to be displaced. It is only 
necessary to make a calculation of these changes in the law of the 
augmentation of force, if one knows anything concerning the value of 
the energy a in a unit of volume for the several layers. Hence such 
calculations may be left out of consideration now. 

If the clay dries out, the contracting force increases from 0 to a 
certain amount and the force that is exercised on the adsorbed layer 
increases proportionately with this from 0 to a certain amount, according 
as the proportion of water becomes less. 

With the driving out of the adsorbed layers near the points of contact 
of the solid particles, the power of expansion will increase from 0 to a 
certain amount, according as the solid particles approach each other. 

Hence with clay that is drying out, two forces are at work, viz. 
the contracting, which becomes greater as the proportion of water 
declines and the expanding force, which continually affects the equilibrium. 

Owing to the approaching of the particles to each other, the clay 
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then continually assumes a smaller volume. Only when the particles come 
into contact with each other there is friction of the solid bodies with 
each other set up with deformation. As long as that contact does not 
occur, with deformation there is only an internal friction of the 
fluid. It is conceivable that in adsorbed fluid, the internal friction is 
greate than in non-adsorbed, in any case, however, it is much less 
than that of solid substances with each other. It is upon this that is 
based the reducing of frictional resistance by lubrication with fluids 
suitable for that purpose. 

The point of contact of two solid particles in a mass of clay may. 
be shown consecutively in diagram by figs. 10, 11 and 12. With the 


Fig. 10. 


Fig. 11. 


Fig. 12. 


condition shown in fig. 10, the process of drying has progressed so far 
that the mass is still completely saturated with water, but in such manner 
that, on the outside of the mass curved liquid surfaces begin to form, 
The adsorbed waterlayers are shown by means of radial lines. These 
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layers touch each other in the conditions represented by fig. 10. With 
the condition shown in fig. 11, the process of drying out has progressed 
so far that a pendular condition has already set in. The pendular body 
is still large and the contracting force is still small owing to this. The 
adsorbed layers are already partially penetrating into each other. As the 
drying process proceeds further, the pendular bodies then become smaller, 
the contracting force greater and the solid particles then force a way 
through the adsorbed layers until they come into contact with each 
other, as is shown in fig. 12. 

Should the clay contain more water than is shown in fig. 10, there 
is then not only adsorbed water but also non-adsorbed water between 
the particles. The clay is purely then a suspension. The power of 
resistance to deformation is proportionate to the velocity with which 
this deformation takes place. If drying out has progressed so far that 
the condition as shown in fig, 10 arises, then on deformation, friction 
of the adsorbed layers sets in and the mass becomes much tougher, its 
viscosity augments. If this process goes on still further, so that air must 
force its way into the pores, friction on deformation becomes still 
greater. With the condition as in fig. 11, however, there is only liquid 
friction going on still but of adsorbed water. 

When the mass has progressed so far as is shown in fig. 12, so that 
the solid particles are in contact with each other, there is then a 
friction of solid bodies and then other forces are at work with the 
deformations. 

I have deduced that the power of expansion is proportionate, in inverse 
ratio, to the size of the particles or grains, If the grains are large, the 
weight of these particles themselves is sufficient to eject the adsorbed 
layer at the points of contact. With sand there is always friction of 
the solid parts over each other, except in the state of quicksand, which 
will be referred to presently. 

If quartz particles, however, are so small as to have dimensions at 
which particles of clay already possess the characteristic qualities, quartz 
powder mixed with water then still conducts itself as an ordinary 
granular substance such as sand. 

It must therefore be taken that adsorption with quartz only takes 
place to an extremely small degree. The weight of a grain is sufficient 
to cause the adsorbed layer to disappear at the points of contact of 
the grains even when these are extremely small. 

With sand another phenomenon occurs, which we might call. the 
guicksand phenomenon. A mass of sand saturated with water, owing to 
shock may pass into a liquid suspension, without enlarging the space 
occupied. Such a suspension, however, soon settles and is then firm again. 

This phenomenon (IV) can be shown in diagram in figs. 13, 14, 15 
and 16. The grains are first deposited with a great volume of pores, 
fig. 13, they rest, however, upon each other and on deformation there 
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is great friction as long as external pressure is exercised on the grains. 
If e.g. a horizontal force is being effected on the upper surface, in the 
figure from left to right, which is sufficiently great to overcome the 
friction, then the conditions shown in fig. 14 will arise. If a vibration 
reduces that pressure and thus the friction of the solid particles for a 
moment, a smaller force will then be sufficient to effect a change in this’ 
manner of the mutual position of the grains. The grains are held in 


Fig. 13. Fig: 14. 


Fig, 15, Fig. 16. 


suspension only as long as the mass is stirred or in any way deformed 
by external forces. If no such influence is intervening, the grains soon 
settle. But as long as the grains are held in suspension and also at the 
beginning of the settling the grains occupy in the water the position 
shown in fig. 15. In this diagram the volume of free space between the 
grains which represents water is just as great as in figs. 13 and 14. In 
condition of fig. 15 the mass is liquid. The grains then again sink and 
form a closer deposit as shown in fig. 16. The condition shown in 
diagram by fig. 13 in which the sand has a great pore space occurs i.a. 
with quicksand on the coasts which is firm but on vibration occurring 
it becomes liquid. Sand in the condition of fig. 13 and in that of fig. 15 
both is generally called quicksand, the fact that two conditions occur 
not being understood. 

This phenomenon that with the same volume and the same content 
of water the sand may be either in solid condition (fig. 12) or in that 
of a suspension (fig. 14), though in this latter state only for a short 
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period, also occurs with fine quartz powder and with some other powders. 

If A. ATTERBERG’s works (V) are’ read carefully one acquires the 
impression that this authority also observed with loam this phenomenon 
that with the same content of water and the same volume two conditions 
are capable of prevailing side by side. ATTERBERG speaks of ,,Fliesslehm” 
and of a ,,Stossfliess-grenze’’. 

I therefore consider that it is not beyond the region of possibility that 
the difference between clay and loam will have to be sought in the 
adsorption. The prevalence of two conditions, the one of which may 
make way for the other owing to vibration in the same manner as with 
guicksand might be a characteristic of loam distinguishing it from clay. 
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Zoology. — The Nemas Anchylostoma and Necator. By J. H. 
SCHUURMANS STEKHOVEN Jr. (Communicated by Prof. J. F. vAN 
BEMMELEN.) 


(Communicated at the meeting of December 18, 1926). 


The Hookwormproblem will reach its final solution, when we will be 
able to distinguish the different earth-living larval stages of all Anchy- 
lostoma- and Necatorspecies. 

Until now our knowledge of the morphology of the hookwormlarvas 
still is superficial, notwithstanding Looss has done very prominent work 
on this subject. Therefore the finest technique, combined with the keenest 
observation are wanted to conquer all difficulties. 

The present research considers the third, ie. infective larval stage 
only. It will however be of great use to apply the same technique to 
the first and second stage larvae as well as to the hookworms, just after 
their arrival in the intestine or to the sexually mature individuals, as 
their histology has not been studied sufficiently. 

Now the third stage larva, generally enveloped by a sheath, — the 
skin of the second stage larva, — is not only the most important stage, 
by its relation with mankind, but may be discriminated also from other 
freeliving nemas, according to its structure and movements. Chemical 
substances which destroy other earth-living larvae easily, do not attack the 
hookwormlarvae. Its snakelike movements are typical enough to identify 
the third stage larvae of the hookworm, although it is very difficult to 
give an adequate description. So I am quite convinced that BAERMANN. 
did nqt mistake other larvae for hookwormlarvae, although he never 
gave an exact description of the incriminated larvae. 

Moreover, it will be rather easy, 1 suppose, to gather sufficient 
knowledge about the social conditions in the examined regions, as for 
instance about the presence or absence of dogs to exclude in many 
cases a soilinfection with canine hookworm larvae. A decision, however, 
can be given by exact morphological research only. 

Last years these larvae were studied by the SCHUURMANS STEKHOVEN’s 
along biometrical lines, by VAN THIEL, who found some differences 
between the Genera Anchylostoma and WNecator, although he is not 
always very clear in the interpretation of his observations, by SVENSSON, 
who paid special attention to the esophageal sphincter, by Coss, 
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who gave a minute description and beautiful figures of the head of 
Necator americanus. 

During a Travelling Fellowship, granted to me by the ROCKEFELLER 
Education Board J got the opportunity to make a thorough study of 
some freeliving marine nemas in the office of Dr. STEINER, Nematologist 
at the Bureau of Plant Industry, Department of Agriculture, Washington 
D.C. U.S. A. and to gather more complete knowledge on the infective 
larvae of Necator americanus and Anchylostoma caninum during the 
. last fortnight of my stay at Washington. Dr. STEINER was so kind to 
give me the necessary technical attendance, whereas Dr. SCHILLINGER 
furnished me with pure cultures of Necator americanus larvae, with 
human and canine excrementa and some living females of Anchylostoma 
caninum, 

This research was made with the same technique as the nematologists 
of the Bureau of Plant Industry generally use. Confer COBB’s and 
STEINER’s paper. To isolate larvae from a soilculture I used wet, hairy 
tomato-seeds on which the larvae crept. So the attached larvae could be 
transported easily to a drop of water on a slide. 


The third stage larva of Necator americanus. 


Textfigure A., Plate I. 


VAN THIEL emphasized the fact that the cuticular striations are much 
more pronounced and also more widely separated in the larvae of 
Necator than in those of Anchylostoma. This is true for the 3¢ stage 
larva as well as for the second. Moreover the tail of the sheath is long 
and tapers to a very fine point, thus resembling a tube, pointed in a 
flame. To the empty skin of the larva (confer Textfigure A 2) some 
bacteria are attached. The head of the larva, when seen in lateral view 
(Pl. I, Fig. 2—4) shows no lips; this is still more evident when the head 
is seen on top (Pl. I, Fig. 1). Now the triangular mouth opens widely 
and marks the centre of the rectangular oral field. The oral aperture is 
encircled by the four papillae (pap.) and the lateral organs or amphids 
(amph.), both lying on the same level. 

The latter near the oral opening very much, which is particularly 
clear, when the head is seen in lateral view (PI. I, Fig. 2, 3). The amphids 
are composed of a short tubelike pouch (amph. p.) opening distally into 
a widening, where nervous fibrillae distinctly are to be seen, whereas 
its proximal end bears a median slit and resembles therefore an opening 
bud. The amphids are small in size, : 

The cylindrical, short oral tube passes into the beginning of the 
esophagus (b. oes.). In Literature some controverse exists about the 
beginning of the esophagus. According to COBB the cylindrical tube, 
lined with chitinised bars (oes. b.), to which the oral cavity passes, belongs 
to the esophagus. VAN THIEL describes the same as oral cavity. I think 
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we are allowed to assume, that the esophagus begins at the point where 


i 


Textfig. A. 
Fig. 1. Necator americanus, third stage larva. 


Enlarg. Ol Imm. 2 mM., Oc. 12, Tub. 
140 mM. X 1/9, 


Fig. 2. The sheath (skin second stage larva) 
Enlarg. Ol Imm. 2mM., Oc. 6, Tubus 
140 mm. X !/2. 


ant. b. = anterior bulbus; an. = anus; b. oes. 
beginning of oesophagus; bact. = bacteria attached 
to the skin; d.s. gl. = dorsal salivary gland; exc. 
c. = excretory cell; exc. p. = excretory porus 
gangl. c.= ganglion cell; int. = intestine ; lat. I. 
lateral line, oes. n. = esophageal nervering; 
post. b. = posterior bulbus; sph. = sphincter; 
subv. s. gl.=subventral salivary gland. 


spear of the Mermithids. Confer also 


the esophageal cells are attached 
to the intestinal tract at its pro- 
ximal end (Pl. I, Fig. 3). In this 
case the mentioned part undoubt- 
edly belongs to the esophagus 
and Coss is right, unless one 
supposes that the oral cavity, 
together with its chitiriisations is 
pushed into the esophagus. In 
this I agree with Copp. The 
cuticularisations of the beginning . 
of the esophagus are very cha- 
racteristic. Here the esophagus 
is lined by two, equally thick 
parallel bars, each ending proxim- 
ally into a curved clasp. These 
clasps are more or less bean-shaped, 
faintly curved outwards at their 
apices. The supposition seems 
logical that this clasp articulates 
with the long rod, although I 
could not prove this. In a former 
paper my wife and I compared 
this rod, together with its clasp 
with the stamen of a grass, bearing 
one pollensack only. If one turns 
the larva round its longitudinal 
axis, this whole apparatus gets 
a quite different appearance. If 
I compare a bar with its clasp 
with a spoon, both spoons, which 
sometimes touch each other almost 
with their apical ends (Pl. I, Fig. 2) 
— will be seen as individual ob- 
jects in optical section (PI. I, 
Fig. 4) in the case mentioned 
above; if however the animal is 
rolled over, the backside of one 
of the spoons will come up. Ap- 
parently Coss has figured this 
case in his paper, where he de- 
scribes this apparatus as an on- 
chium and compares it with the 
Pl. 1, Page 3: 
S* 


PLATE I. 


jo. y ey oo 


Necator americanus, third stage larva. 
Fig. 1. Apex of head, enlarg. Ol Imm. 2 mm., Fig. 6. Intestine and excretory apparatus; enlarg. 


Oc. 12, Tubus 140 mm. X 2/3, Ol. Imm. 2mm., Oc. 4. Tub. 140 mm. X< 2/3, 
Fig. 2. The head in profile, enlarg. as 1. X43. “Big. 7-9) Tailend, 
Fig. 3 and 4, idem 2/3, Fig. 10. Tail. enlarg. Ol Imm.2mm., Oc. 4. 
Fig. 5. Esophagus, posterior bulbus. Tubus 140 mm. > 2/3, 


* amph.=amphid; amph. p. = amphidial pouch; amp. s. gl. ampulla of the salivary gland; ap. d. s. gl.= aperture dorsal 


salivary gland; an,=anus; b. oes. = beginning of esophagus; exc. amp.— excretory ampulla; exc. c. = excretory cell; 
gangl. c.= ganglioncell; o.0.= oral Opening; oes.=esophagus; oes. b.=esophageal rods; pap.= papilla; sal. gl. L= 
lobus of salivary gland, sph. = sphincter. 
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With good reason VAN THIEL protests against this view. Former papers 
of the SCHUURMANS STEKHOVEN’s pointed into the same direction. 

When rolling the larva over, it may seem sometimes if one of the 
rods is thicker than the other; in reality this is not the case and I think 
this gives the solution of the controversy between CoBB and VAN THIEL. 
But apart from the given morphological arguments my physiological 
observations speak against CoBB’s idea of the function of these 
structures. * 

Once I found the clasps protruding from the oral opening in a dead 
animal. This proves however nothing in favour of the real function of . 
these parts, as changes in osmotic pressure of the bodyfluid may have 
occurred during the death of the animal as the cause of this. 

Moreover, when a quiet ensheathed larva is observed for longer 
periods, one may have the chance to catch a larva in the act of shedding 
its sheath. The head curves backward, during which the skin of the 
third stage larva shrivels and folds; the mouth of the larva sucks at a 
definite spot the enveloping sheath into the oral aperture; the larva tugs 
at it violently, till it suddenly looses its hold and straightens again. 
Often the same manipulation is repeated, during which the rods do not 
change their place. It is not possible to conclude anything about the 
presence of chemical substances, helping to perforate the sheath at its 
apical end. Ij am however inclined to think at the possibility that the 
products of the salivary glands participate in the exsheating of the larva. 
At any rate the larva suddenly lifts the lid of the sheath, which often 
remains connected with the tailend of the sheath at one side. The larva 
will attain its aim easiest, if it gets the opportunity to anchor itself in 
the sand, or if the distance between slide and coverslip becomes smaller 
and smaller, thus urging the larva to remain in the same position, or if 
the sheath sticks to a rough portion of the underlayer. So this pheno- 
menon will be mainly mechanical. 

If once the lid has been lifted, it is curious to observe the larva while 
turning round its longitudinal axis, and by doing this, freeing itself from 
its envelope. Sometimes the head glides backwards ‘along the body as if 
to strip off the sheath. Each moment the larva emerges further; the 
empty skin falls down after each turn. Therefore the empty sheath presents 
a number of oblique folds just asin a towel turned round its axis in the 
same way. Textfigure C6 gives an idea of such a sheath for a larva 
of A. canium in which things happen in the same manner. 

In a waterculture of larvae a considerable number of animals had 
stripped off their sheath and I suppose that the same thing will happen 
in the soil. When a stain is added to the water of the culture, as for 
instance methylenblue or methylgreen the percentage of larvae, which 
sheds their sheath becomes larger. 

The esophagus of the third stage larva presents 2 bulbi (Textfigure 
A1) a rudimentary anterior bulb (ant. b.) which precedes the compar- 
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atively narrow nerve ring (oes. r), thus dividing the esophagus into 2 
equal portions. This bulb was described already by VAN THIEL, which 
however did not identify it as such. The posterior bulb (post. b.) is very 
pronounced and marks the end of the esophagus. 

Clear transverse (p. r.) rings divide the posterior bulb (Textfigure A 1 
and Plate I, Fig. 5) into 3 strongly granulated portions. Here 3 eso- 
phageal glands (1 dorsal gland and 2 ventral glands), the salivary glands 
of other authors, originate. Both ventral glands open into the esophageal 
lumen just in front of the nervous ring (Textfigure 1, subv. s. gl.), 
whereas the dorsal gland forms an ampulla, (amp. d. s. gl.) just behind 
the mentioned cuticularisations of the anterior end of the esophagus, 
and opens into the latter by means of a short tube (Textfigure 1 and 
Plate I, Fig. 3 ap. d. s. gl.). The part of the salivary glands, lying in 
the esophageal bulb is lobed (Pl. I, Fig. 5 sal. gl. 1.). Next to the 
sphincter, see below, one finds a ganglionic. cell. The posterior esopha- 
geal bulbus does not show any thickenings or valvae at its lumen. 

SVENSSON and CorRT emphasize the existence of a clear space at the 
junction of the esophageal bulb and the intestine. SVENSSON is undoubt- 
edly right to call this structure a sphincter (sph.). The muscular fibres 
are clearly visible. The sphincter is low at its junction to the intestinal 
wall and becomes higher at the lumen (Textfig. 1 and Pl. I, Fig. 5). 

Its proximal side is perpendicular to the body-axis, therefore its distal 
portion protrudes into the intestine as a plug and resembles very much 
a cone, which is separated from the intestinal wall by a circular groove. 
As I will describe below for Anchylostoma this sphincter is the only 
part which really acts as such, providing the ingested food a passage to 
the intestine, whereas the bulbus functions as a sucking apparatus. VAN 
THIEL is not very clear in this point. The lumen of the intestine (int.) 
is wide, the cells forming its wall are scanty granular. 

The excretory apparatus, H-shaped in the typical representants of this 
group, has lost its anterior horns (Textfig. 1 and Pl. I, Fig. 6). The ex- 
cretory ampulla (exc. amp.) is easily to be seen in front of the excretory 
cells (exc. c.) which open into the caudal end of the ampulla. These 
excretory cells lay astride over the intestine. Each excretory cell is rather 
narrow, its foremost portion resembles:a peanut as it is narrowed in the 
middle, the caudal part of the excretory cells is narrow and paralel-sided; 
it reaches till behind the esophageal sphincter. Apparently a sphincter is 
found at the end of the curved tube, which leads from the excretory 
ampulla to the exterior. Another sphincter connects the ampulla and this 
tube. When the larva is alive it is very easy to observe the functioning 
of the excretory apparatus. Just after the ampulla has fallen down, having 
ejaculated its contents, it appears again in the same manner asa pulsatile 
vacuole of protozoa. I think it would be of great importance to compare 
the histology and the physiology of the pulsatile vacuole of protozoa 
with the excretory ampulla of nemas. I figured some phases of the ex- 
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cretory ampulla (PI. III, Fig.5 and 6) of the larve of A. caninum, which 
behaves in the same manner. 

Finally I will point to the fact that the tail of the third stage larva, 
opposite to the tail of the second stage larva (sheath) is rather short 
and ends bluntly (Pl. I, Fig. 7—10). 


The third stage larva of Anchylostoma caninum. 
: Textfigures B, C, Plate II en III. 


Seen on top the larvae of A. caninum are easily to distinguish from those. 
of Necator americanus: as the first ones possess three lips, which reduce 
the oral aperture to a small triangular space. If once observed, these 
lips (2) are also very obvious, when seen from aside (Pl. 2, Fig. 2—5, 
PINS) Figs 1): 

It is very interesting to note that PERRONCITO first found these lips 
in A. duodenale, whereas Looss denied their existence. The papillae 
(Pl. 2, Fig. 4 pap.) are situated on the lips; each dorsal lip bears one 
papilla only (Pl. 2, Fig. 1 d.p.), whereas the subventral lip is in the 
possession of 2 papillae (Pl. 2, Fig. 1, subv. p.). The amphids (amph.) 
are larger than in Necator (Pl. 2, Fig. 4—6), dont show a lateral slit, 
which character is very obvious, when the larva is observed from 
aside. Moreover they are shifted further caudal. Therefore when the 
papillae are focussed, the amphids are not to be seen (PI. 2, Fig. 1). The 
amphidial pouch (amph. p.) is much wider in this species than in Necator, 
its wall is however thinner, which character is not figured in my drawings 
(Confer Textfig. C, Fig. 5). 

The oral cavity is short and narrow (Pl. 2, Fig. 2—5). The apical 
end of the esophageal wall is provided with three rodlike thickenings, 
which VAN THIEL correctly described to be of unequal thickness. The 
ventral thickening is the thickest and at their apical end these rods are 
connected two by two. A widening of the oral wall forms the junction 
between the short oral cavity and the esophageal lumen. In this cavity 
the spoon-shaped parts, which articulate with the longitudinal rods, 
project. Thus the oral cavity gets the shape of an urn. Compare also 
Van THIEL’s description. The latter author did not. understand the 
mutual relations of the described parts. 

The esophagus differs in its shape and structure in many points from 
that of Necator. For instance a distinct anterior bulb is absent, although 
the oesophagus is slightly constricted just in front of the nerve ring 
(Textfig. B, C, Pl. 2, Fig. 8, Pl. 3, Fig. 4, oes. r.), which is broader 
than in Necator. The structure of the esophagus has not been changed 
however interiorly at this spot. Slightly more apical (Textfig. B, 
a.v.s.g.) the ventral salivary glands open into the esophageal lumen 
(Confer Pl. 2, Fig. 8) which Looss figured minutely in his well known 
monograph. Sometimes, viz. when the larvae are sufficiently transparent, 
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one is able to observe nerves (Pl. 3, Fig. 
4n) originating from the nervering and 
running in caudal and apical direction. The 
posterior bulbus (Textfig. B, oes. b.) misses 
the valvulae, Looss ascribes to it. Its lumen 
has somewhat thickened walls only. Compare 
Pl. 2, Fig. 7 and Pl. 3, Fig. 2 and 3. More- 
over the bulbus is not sharply separated 
from the rest of the esophagus, but gradu- 
ally passes into it. In structure this bulbus 
also differs from that of Necator. Its granul- 
ation is scanty. The clear rings (Pl. 2, Fig.-7), 
which were very obvious in Necafor are 
rather inconspicuous here. The nuclei of the 
salivary glands however are more pronounced 
(Pl. 3, Fig. 2, n. oes. c.). The middle portion 
of the bulbus is vacuolised. I mentioned 
already the ventral salivary glands, the 
dorsal salivary gland stretches further apical, 
its ampulla (amp. d. sal. gl.) is narrower 
than that of Necafor, whereas the efferent 
tube opens into the esophagus just in front 
of the proximal end of the esophageal 
cylinder (Textfig. B., a. d.s. g.). In exceptional 
cases only it is possible to follow the course 
of the esophageal glands (oes. gl. Pl. 2, Fig. 7) 
in the bulbus of the living animal. The 
larva of Anchylostoma possesses a similar 
sphincter (Textfig. B, Pl. 3, Fig. 7, Pl. 3, 
Fig. 2, 3, sph.) at the junction of the eso- 
phagus (I. oes.) and intestine (int.). Here the 
intestinal wall forms a continuous curved 
line with the sphincter, therefore this structure 
resembles the mediastinum of mammals. Once 
I had the opportunity to observe the sphincter, 


Textfigure B. 
Anchylostoma caninum, third stage larva. 

Enlarg. Ol Imm. 1,5 mm, Oc. 8, Tubus 140mm. X<!/2. 

a.=amphid; a. d.s. g. = aperture dorsal salivary 
gland; a.v.s.g. = aperture ventral salivary gland; 
amp. d.s.g. = ampulla dorsal salivary gland; c= 
oesophageal nervering; b. oes. = beginning of esoph- 
agus; exc. c. =excretory cell; exc. amp. = excretory 
ampulla; exc.o. = orifice excretory apparatus; int. = 
intestine; 1. = lip; oes.b. = esophageal bulbus; sph. 
= sphincter; str. oes. = constriction of esophagus. 


Fig 


Fig. 


Fig 
Fig 
Fig 


Anchylostoma caninum, third stage larva 
. 1. The head, frontview, enl. Ol Imm. Fig. 6. Amph., enlarg. as in 1. 
2 mm., Oc. 12, Tubus 140 mm. 2/3. Fig. 7. Oesophagus with the excretory appa- 


2. Head in profile, Enlarg, OlImm. 1.5 : ratus, enlarg. as in 1. 
mm., Oc..12, Tubus 140 mm.><2/3, Fig. 8. Cee and nervering, enlarg. 
as in 


. 3. enlarg. as in 2. os 
. 4. enlarg. as in 2. Fig. 9. Excretory apparatus enlarg. Ol Imm. 
. 5.°enlarg. as in 1. ; 1.5 mm., Oc. 8, Tubus 140 mm. X 2/3. 


a=ampulla” excretory apparatus; amph.=amphid; amph. p. =amphidial pouch; amp. sal. gl. ampulla of sali- 
vary gland; b. oes,—beginning of esophagus ; d=excretory porus; d p.—dorsal papilla; e. c. excretory cell ; 
exc. amp.==excretory ampulla; exc. d.—excretory duct; A.h,= posterior horns of excretory apparatus; f.h. = 
anterior horns of the same; int.= intestine; [=lip; m.o.=oral aperture; m.o. = mouthcavity ; oes. b, = esophageal 
rods; oes. gl.= esophageal gland; pap. = papilla; d, b. oes, =dorsal oesophageal rod; subv. p. = subventral papilla. 


122 


on which the bulbus rests as a recipient in the ring of a water-bath 
(“au bain marie”), while function- 
ing. The esophagus was filled 


with bacteria (Pl. 3, Fig. 3.). Now 
and then the sphincter (sph.) opened 
and moved the esophageal con- 
: tents to the intestine (int.). The 
latter has a rather narrow lumen in 
Anchylostoma, whereas its wall is 
: thickly granulated. So SVENSSON’s 
. ' supposition has been prooved. 
Looss described the junction of 
esophagus and intestine in An- 
chylostoma duodenale as follows: 
“Die vordersten Zellen des 
| Darmrohres heben sich deutlich 
von den volgenden ab, dadurch 
dass sie kiirzer bleiben und in 
ihrem Innern keine Kérnchen ab- 
schieden, auch sich so dicht an 
die 
ta 
/ 


den Bulbus anlegen, dass sie eher 
zu diesem als zu dem Darme zu 
gehGren scheinen. Sie representie- 
ren die Anlage des spateren zelligen 
Verschlusapparatus am Ende des 
Oesophagus’’. 

Now apparently Looss has not 
catched the true meaning of the 
sphincter, as the sphincter really 
belongs to the esophagus and 
contains muscular fibres. The in- 
testine commences caudal from the 
sphincter. VAN THIEL speaks in 
this connection about some cells 
Fig. 1. Sheath enveloping the third stage larva serving for the perposciot closing 

Enlarg.: Obj. 12 mm.,Oc.8. Tub. 140 mm. <1/,, the entrance of the intestine 
Fig. 2. Empty sheath, enlarg. as in 1. (‘‘Schliesszellen’’). 

Fig. 3. Tail of tied stage larva; enlarg. as in A. The excretory apparatus is H- 
te cams Oot Tee cee gc ae) ep (Pie mie areere 
Fig. 5. Amphid: enlarg. Ol Imm. 4 mm., Oc. 12 B), the anterior horns (f. h.) are 

Tub. 140 mm. X 1/2, very short and embrace the ex- 
Fig. 6..Shedded skin of second stage larva; 

enlarg. OlImm. 2mm. Oc. 4, Tub. 140mm. 1/>; cretory ampulla (exc. amp.), the 

a = anal opening; i. s. =third stage larva; posterior horns (p. h.) lay, astride 

sh. = sheath. over the intestine. The apical por- 
tion of this apparatus is wide, shows no constriction and reaches till about 


Textfigure C. 


Anchylostoma caninum, 
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.PLATE Ill. 


Anchylostoma caninum, third stage larva. 


Fig. 1. Head with papillae, Enlarg. Ol Imm. Fig. 4. Esophageal nervering and nerves, 


2 mm., Oc. 12, Tubus 140 mm. <2/3. enlarg. as in 3. 
Fig. 2. Esophagus and esophageal bulbus Fig. 5 & 6. Excretory apparatus while funct- 
Enlarg. Ol Imm. 1.5 mm., Oc. 12, ioning, enlarg as in 2, the stripes 
Tubus 140 mm. X 2/3. indicate the points of maximum ex- 
Fig. 3. Sphincter between intestine and oeso- pansion. 


phagus; Enlarg. Ol. Imm. 1,5 mm. 
Oc. 8, Tubus 140m m. X 2/3. 


c. =cuticula; c. int. w. = cells intestinal wall; int. = intestine; /. oes. et sph. = lumen of 
esophagus and sphincter; oes. = oesophagus; oes. r. = esophageal nervering; n.=nerve; 
n. oes. c. = nucleus of esophageal cell, sph. = sphincter. 
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the middle portion of the posterior esophageal bulbus. In Plate 3, Fig. 5 
and 6 | have figured how the ampulla gradually enlarges till the utmost 
tension has been reached and an ejaculation follows: compare p. 118. 

The tail of the sheath (Textfig. C, Fig. 1 and 2) is shorter than the 
same part in Necator. VAN THIEL compares its point with a sharpened 
pencil-point. The tail of the third stage larva (Textfig. C, Fig. 1, 3, 4), 
is considerably longer than the tail of the same stage larva of Necator, 
whereas its point is also finer. The transverse striations visible on 
the sheath as well as on the skin of the third stage larva are rather 
inconspicuous; striae much closer than in Necator. 

One is inclined to ask what bearing thesef acts have on the relationship 
of these parasites with free-living nematodes. They differ widely from 
Rhabditis in the structure of the mouth cavity, number of papillae and 
structure of esophagus. 

Concerning other free-living forms as Rhabdolaimus (especially Rh.- 
terrestris) to which these show an unmistakable resemblance, we know 
too little to enable us to arrive at trustworthy conclusions. Moreover, 
the adult forms of Necator, as well as of Anchylostoma, up to the 
present have not been studied along these lines, so that further specula- 
tion must be postponed until at least a part of this program has been 
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SUMMARY. 


An accurate morphological research on the larvae of two species of 
the Genera Anchylostoma and Necator gave a number of differences 
between the concerned nemas. The main differences were found to 
consist in the structure of the head and its organs, lips, papillae, amphids, 
in the covering of the apical end of the esophagus, the presence or 
absence of the anterior esophageal bulbus, in the structure of the 
posterior esophageal bulbus, the structure of the esophageal (salivary) 
glands, in the sphincter forming the junction between esophagus and 
intestine, in the structure and shape of the excretory apparatus, in the 
shape of tail and sheath of the third stage larva and in the distribution 
of the transverse striations on the skin of second and third stage larvae. 

Now it is possible to distinguish between the larvae of Necator and 
those of Anchylostoma. In large parts of America, where Necator ame- 
ricanus is the only human hookworm it is rather easy to conclude at 
the presence or absence of human or canine hookworm larvae in 
infested soil. 

As far as the Dutch East Indies are concerned we are not allowed 
to go so far in our conclusions, but as for instance Anchylostoma duo- 
denale is a rather rare parasite in several provinces of Java the above 
mentioned facts may be sufficient for those regions to arrive at trust- 
worthy conclusions. Further I expect that a new research taking into 
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consideration the larvae of A. duodenale and A. ceylanicum will provide 
us with new data, which will enable us to identify all concerned larvae 
by means of easy characteristics. 

The present research emphasizes also that a study of free living nemas 
is indispensable for Parasitologists and that a uniformity in methods of 
research is quite necessary for both groups of Nematologists. 


POSTSCRIP TUM. 


When controlling my proofs I saw a paper of SVENSSON and KESSEL 
(Journal of Parasitology Vol. 13, Dec. 1926) which brings more extensive 
data about the larvae of Necator americanus, Anchylostoma duodenale 
and A. caninum. The differences which they emphasize especially are 
the so called protusile onchium of CoBB, which they think acts as a 
spear in the sense of COBB and the esophageal sphincter. Some illustra- 
tions are added. With respect to the morphology this paper is only a 
somewhat more minute description of the facts contained in the previous 
paper of SVENSSON of 1925. 


LITERATURE. 


Coss, N. A. The Pharynx and alimentary Canal of the Hookworm larva, Necator 
americanus, Jl. of Agric. Research Vol. 25, p. 359, 1923. 

CorT, Journal of Parasitology Vol. 11, p. 228, 1925. 

Looss, A. The Anatomy and Life History of Anchylostoma duodenale Dub. I, Rec. 
Egypt. Government School of Medic. 1905. 

PERRONCITO, E. La maladie des mineurs du St. Gothard au Simplon. Archives Italiennes 
de Biologie T. 3, p. 315, 1882, p. 7, 1883. 

SCHUURMANS STEKHOVEN, J, H. Jr. en SCHUURMANS STEKHOVEN—MEJER, A. W. 
Anchylostomiasisbekampfung und Bodeninfektion, Verh. des 4ten Kongr. der F.E. A. T. M. 

SCHUURMANS STEKHOVEN, J. H. Jr. en SCHUURMANS STEKHOVEN—MEJJER, A. W. 
Voorbereidende onderzoekingen met betrekking tot de differentiatie van de larven van de 
mijnwormen van mensch en hond, Tijdschr. v. Vergel. Geneesk. Dl. 10, p. 1, 1923. 

SVENSSON, R. A morphological distinction between infective larvae of Anchylostoma 
and Necator. Proc. Soc. f. Experim. Biology and Medicine 22, 1925. 

VAN THIEL, P. H. De differentieeldiagnose van de strongyloide larven van Necator 
americanus en Anchylostoma caninum, Tijdschr. v. Vergel. Geneesk. 10, 1923. 

VAN THIEL, P. H. Verdere onderzoekingen omtrent de differentieeldiagnose van de 
strongyloide larven van Necator americanus en Anchylostoma caninum. Geneesk. Tijdschr, 
v. Nederl. Indié, Deel 66, p. 14, 1926. 

VAN THIEL, P. H. Diagnostie différentiel des larves strongyloides du Necator americanus 
et de l'Anchylostoma caninum. Annales de parasitologie humaine et comparée T. 4, p. 228, 
1926. 


Utrecht, 21 November 1926. 


Palaeontology. — Report on a Fossil Found at Trinil in 1926, and 
erroneously considered as the remains of a skull of Pithecanthropus. 
By Dr. W. A. MijsBerG and Dr. H. J. T. BILMER at Weltevreden. 
(Communicated by Prof. L. BoLk.) 


(Communicated at the meeting of December 18, 1926). 


In the latter half of 1926 during a visit to Trinil in Java in the neigh- 
bourhood of the region where some time before DuBois had disinterred the 
remains of the Pithecanthropus, Dr. HEBERLEIN at Soerabaja received from 
a native a fossil, which the latter had found there. The find was presented 
by Dr. HEBERLEIN to the Government of the Dutch East Indies. As the 
fossil was considered as the remains-of the cranium of a prehistoric man, 
the Government entrusted Dr. W. A. MIJSBERG, anatomist of the S. T. O. 
V.1. A. at Weltevreden, and Dr. H. J. T. BIJLMER, military doctor, charged 
with the carrying out of anthropological researches, likewise at Welte- 
vreden, with the task of studying the remains, and of drawing up a scientific 
report of their conclusions, 

On December 7** the fossil was put at our disposal. Already at the 
first view serious doubt arose whether we had actually the remains of a 
skull before us, and the thought occurred to us that the fossil was the 
extremity of a long piece of a skeleton adjoining an articuiation of a large 
prehistoric animal. 

The object is very heavy in proportion to its size. It consists chiefly of a 
hard mass, exhibiting a sponge-like construction. Save for two exceptions 
to be more fully described later, this mass has an irregular outline and a 
rough surface, for the pores and the partitions between them of the spongy 
mass reach to the surface. Evidently all along this surface the remains 
found are severed from their surroundings. On one side, however, the 
surface is smooth, the spongious substance being covered by a thin layer 
of a compact mass not quite 14 mm. thick. This smooth surface is curved 
regularly ; it is part of an almost spherical surface, of which in one direction 
a larger part is present than in the direction normal to it (Fig. 1). The 
greatest dimension of this part is about 22 cm. measured across the 
curvature, about 11 cm, in the direction at right angles to it. This latter 
dimension cannot be determined so accurately as the length, because on one 
side along part of the long edge, a piece about 2 cm. broad, fits on to the 
other. This piece is curved in the longitudinal direction, and presents in 
this direction the same curvature as the spherical part, whereas it is flat 
cross-wise, perhaps even bent slightly concave. Along the other long edge 
the spherically curved surface is connected over a length of only 12 mm. 
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with another region, where the spongious mass likewise does not reach 
the surface. The plane in which this second region lies, is about at right 
angles to the base of the spherically bent part. In this second region the 
spongious mass is covered by a thicker layer of compact substance ; its 
surface is feebly corrugated, shows besides irregular nodular protuberances, 
and in the region nearest the edge of the spherically curved surface it has 
round pits, which give access to ducts that penetrate further inward. 
(Fig. 2.) 

Successively the three parts which are to be distinguished in the object, — 
the spongious mass, the spherically curved smooth part, and the part where 
the compact mass shows relief, will be described more in detail. 

The hard spongy mass has a pale greyish colour; locally the colour 
varies ; at some places there is present a whitish bye-colour, in many places 
a brownish one. Scattered all about there lie small particles which glitter 
brightly when the light strikes them in a favourable way. At the surface 
the mass is pretty brittle, so that in the manipulation small pieces are 
sometimes broken off; these can easily be rubbed fine. The pores of the 
spongy mass are at most a few mm. deep, but for the greater part shallower; 
if it is tried to penetrate deeper, one is stopped by a hard stony mass. 
The apertures are sometimes irregularly round, sometimes clearly angular, 
the structure resembling a honey-comb ; sometimes, and this seems to be 
partly dependent on the direction of the surface of fracture, one dimension 
clearly preponderates. The greatest dimension of the spaces nowhere 
exceeds 2 mm. ; this measurement, which occurs only by way of exception, 
is only found as longitydinal dimension of the longest among the elongated 
holes. The partitions between the holes are always narower than the 
apertures themselves. 

It is very significant that in the neighbourhood of the spherically curved 
smooth surface the holes are much smaller and closer to each other than 
elsewhere ; close under the curved surface they are exceedingly fine. This 
is very clearly to be seen at some places along the borders of the spherically 
curved surface, where the thin layer of the compact mass has disappeared, 
and the most superficial layer of the spongious mass lies bare, Here the 
holes resemble pin’s pricks exceedingly close together. 

At the rough surface of the spongy mass end some canals, which are 
sharply distinguished from the pores of the spongy mass by their almost 
purely round form and their greater size. Opposite the side covered by 
the compact layer showing relief, there ends at the surface a round canal 
of a diameter of 2 mm., which extends in the direction of the said side 
coated with the compact mass, possesses an almost straight course, and can 
be probed 8 cm. deep. On the same side, but nearer the ‘border of the 
curved surface there are four smaller similar apertures, in which it is, 
however, possible to penetrate only a small distance with the probe. 

The general form and dimensions of the smooth, for the greater part 
spherically curved, surface have already been described. The smoothness 
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of this part is chiefly owing to the spongious mass being covered here with 
a thin layer of a compact mass not quite 144 mm. thick. All along the edge 


Fig. 1. (+ 3/2 Natural size) 
The smooth, for the greater part spherically curved, surface. 


of the smooth part the thickness of this layer is the same. Everywhere, 
except where the smooth surface bends and passes into the second compact 
part, which is still to be described more fully, the thickness can be measured 
accurately, as the covering layer stops everywhere abruptly. Evidently its 
edge is, therefore, an artificial, not a natural one; hence the piece of the 
curved compact layer present forms part of a larger compact mass, with 
which the spongy mass was coated. Only over the range of 12 mm., 
where the smooth curved surface bends and forms the surface at right 
angles to it, which shows relief, the natural border has been preserved. 
That for the rest the edge is an artificial free one, appears also from the 
facts that its form is exceedingly irregular, and that at some places the 
most superficial layer of the spongious mass continues the curvature of the 
smooth surface, the covering compact layer which undoubtedly had lain 
over it, being absent. These are the spots where the very fine structure of 
the most superficial parts of the spongy mass can be studied most 
successfully, 

The smooth surface is not intact everywhere. About 14 cm. from the 
border where the smooth curved surface passes into the second part where 
the spongy mass is covered with a compact layer, there is a very small 
defect where the spongy mass lies bare. It is owing to this defect that 
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the compacta of the part with the only natural border that the smooth 
curved surface possesses, is just not in connection with the rest of the 
compact layer. The separating defect is, however, very narrow, sometimes 
only 114 mm. broad, the bottom of the defect now and then still retaining 
“remains of a compact substance, which prove the earlier connection of the 
regions now separated, 

There is further on the smooth curved surface a Z-shaped scratch of a 
length of 6 cm., reaching to the spongious mass. Next to it there are two 
shallow defects near each other, one with.a diameter somewhat more than 
1 cm., the other of about 214 cm. diameter ; they possess irregular edges. 
On the other side of the Z-shaped scratch there is another smaller, also 
very superficial defect. Close to the narrowest border of the curved surface 
there is still a long, narrow defect of a very irregular shape. The total 
length is 614 cm.; it consists of three parts, which do not run in the same 
direction ; between the parts the compact mass is intact. The width of 
this defect varies greatly, maximum 9 mm. ; its edges are, therefore, very 
irregular. The depth also differs; but it is nowhere mere than 1 mm. 
The importance of this defect is due to the fact that it was considered as 
the remains of a cranial suture by the first owner of the object. 
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Fig. 2. The two regions where the spongious mass is covered with a 
compact layer. 


The second part where a compact layer overlies the spongy mass, has 
the form of a trapezium. The longest side, which lies on the side of the 
border of the curved surface, has a length of about 11 cm., the height is 
about 6 cm. Only over a range of 12 mm., where as described before, this 
part bends round, and the smooth part with spherically curved surface 
begins, is the border natural. For the rest the edge has been formed 
artificially by fracture also of this compact part. The thickness of the 
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compact layer varies, on the whole it is greater than that of the spherically 
curved part; at one spot I could measure a thickness of 5mm, The surface 
of this part is not quite flat; it is slightly corrugated as a whole, and 
possesses besides small nodular rugosities.. Close to the narrow edge 
there are a few small pits to be seen, and along the long side of the 
trapezium, the side lying closest to the border of the spherically curved 
surface, there lie 13 large depressions. These depressions are almost 
round ; the diameter of the largest of them is 14 cm. The depressions are 
smooth-walled, ie. they are covered with a compact mass, their depth is 
about equal to their diameter, 

At the bottom of each depression there is the entrance to one, sometimes 
two ducts; the canals are narower than the depressions themselves, 
they are about at right angles to the outer surface. As a rule they cannot 
be probed far, but in one of them it is possible to put in the probe 5 cm. deep. 


Summarizing it can, therefore, be stated that the object found is of a 
stony substance, and consists for the greater part of a mass of a spongious 
structure. On one side the spongious mass is coated with a compact 
layer of 4 mm. thickness, which has a smooth surface. The greater part 
of this surface is regularly curved, and forms part of an about spherical 
surface. The greatest dimension of this curved part is about 22 cm. 
measured across the curvature, 11 cm. measured in the direction normal to 
it. On one side this curved surface passes into a region about 2 cm. broad, 
which is curved in the same way lengthwise as the spherical part, but not 
curved convex breadthwise, perhaps it is even slightly concave. On the 
other side the curved surface, bending sharply, is connected over a length 
of 12 mm. with a second region, where a compact layer lies on the spongious 
mass. This second region is about at right angles to the basal surface of 
the curved part. The compact layer is thicker here, sometimes as much as 
5 mm. thick ; the surface of this part is slightly arched, and besides provided 
with small nodular protuberances. In the region that lies nearest to the 
border of the spherically curved part there are found 13 round pits with 
smooth walls, the largest of which is about 5 mm. in diameter, and of the 
same depth. At the bottom of the pits, there are the mouths of one, 
sometimes two smaller canals penetrating into the spongious mass. One 
of these canals possesses a length of 5 cm. Some canals also end at 
places of the free surface of the spongy mass that is due to fracture; one 
of them has a length of 8 cm. The spongy mass is much denser under the 
spherically curved surface, the pores in the’ mass are much smaller 
here, and lie closer: together than elsewhere. 

On the ground of the data communicated in what precedes it is possible 
to decide with certainty what the object is. ; . 

When the object is viewed obliquely from the side (this is figured in 
Fig. 3), the arching of the smooth surface actually bears: some resemblance 
to that of a skull cap provided on the front side with bulging out orbital 
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arches fused to one: ridge, as they are found in the skulls of Homo Nean- 
derthalensis. The second part covered with a compact mass would then 
have to represent the somewhat flattened occipital part of the skull. There 
is, however, no more than a superficial resemblance to the form of the vault 
of a human skull. The curvature of the bent surface is not very probable 
for a skull. The view that the flat part should represent projecting orbital 
arches is supported by nothing, the place where these projecting ridges 
were to bend into the orbits being absent. There are no sutures ; what 
has been taken as such is really a defect of the compact iayer, where the 
spongy mass lies bare. Hence nothing pleads in favour of the diagnosis 
skull except a slight morphological resemblance. On the other hand 
important data exclude the validity of this diagnosis. The “skull cap”, 
ie. the thin compact layer with for the greater part. spherically, arched 
surface, is 14 mm. thick. So slight a thickness is undoubtedly excluded 
for a skull cap. Hence the original owner supposed that the skull 


Fig. (3. 


cap had become thinner, by being dissolved from within by a mass that 
had flowed into the cranial cavity, and now remains under the skull 
cap as the spongy mass described before. Apart from the question 
whether it would be possible that such a solution should have taken place, 
it must be pointed out here that it would have to be considered as very 
unlikely that such a solution should have led uniformly everywhere to. the 
existence of a skull cap of so small a thickness, whereas the “fiattened 
occipital part’’ would have become much thicker,.and ‘moreover of an 
irregular thickness ; and it would be entirely inconceivable that this solution 
should also have taken place at the compacta of the frontal ridges, for as 
the cranial cavity is not continuous with the frontal ridges, it cannot be 
conceived how the mass that has penetrated into the cranial cavity, should 
have got under the compacta of. these ridges. What further entirely 
disposes of the diagnosis “skull”, is the circumstance that the “occipital 
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part’’ would exhibit 13 depressions, from where canals would pass inward 
into the spongious mass. 


When we now proced to deal with the question, what then is the 
object, first of all the question rises what is the stony spongious 
mass of which the greater part of the object consists. This mass 
might be thought to be a stony formation of spongious structure, but this 
view cannot explain, why the stony mass should be covered on one side 
with a compact layer, 14 mm. thick with a perfectly smooth surface; why 
the cavities in the spongiosa get smaller towards this surface; why there 
are found canals there, some of which reach the second surface covered 
with a compact mass, and which are coated near their mouths with a 
continuation of this compact layer. 

All these facts can, however, be accounted for from one point of view, 
when the spongious mass is considered as the fossilized spongious bony 
mass at the articular end of a fragment of a skeleton, and the compact 
layer of a thickness of 4 mm. overlying it and spherically curved for the 
greater part, as the fossilized substantia compacta forming the articular 
surface. In harmony with this view is the fact that the sporgious substance 
under the smooth superficial layer shows a very fine structure, since the 
substantia spongiosa are always greatly condensed under an articular 
surface. The for the greater part spherical curvature of the smooth surface 
and its great dimensions render it probable that the object is one of the 
extremities of a long piece of a skeleton of a large animal. Also the position 
of the second part consisting of a compact mass is in conformity with the 
view that it is the extremity of a long piece of a skeleton, for the direction 
of the second part is about at right angles to the curved surface. Hence 
this second piece is to be considered as part of the lateral surface of a long 
skeleton piece near its articular end. The somewhat irregular surface 
and the not uniform thickness of the in general considerably thicker 
compacta in this region are in conformity with the fact that a piece of a 
skeleton often exhibits rough processes near the articular extremity. In 
this region of a long skeletal part and chiefly close to the border of the 
articular surface vascular canals always penetrate into the spongious 
mass, which at their beginning are covered with a continuation of the 
compact substance. The canals in the spongious mass described before 
are, therefore, to be considered as vascular canals. All the anatomical 
characters that a long piece of a skeleton ought to possess at the articular 
extremity, are present, and everything that is to be seen in the object found, 
can be accounted for when it is considered as the end of a long piece of 
the skeleton. 

In conclusion the question may be considered, what extremity of what 
long skeletal piece of what animal is present. In general such a palaeo- 
zoological problem is very difficult to solve for an anatomist and an 
anthropologist. In our particular case, however, there are data that enable 
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us to make the diagnosis with great probability. From the very large 
dimensions of the extant part of the articular surface we have already 
drawn the conclusion in what precedes, that the fragment must have 
belonged to a very large animal. It is known that the prehistoric fauna 
of Trinil is rich in large mammals, as elephants, among which also Stegodon 
and Rhinoceros. It was, therefore, natural to suppose that the fossil might 
come from one of these animals. The comparison of the fossil remains with 
the parts of the skeletons of the recent representatives of the said mammals 
present in the Zoological Museum at Buitenzorg, has taught us that the 
fossil fragment presents so great a resemblance in form to the proximal, 
ie. the extremity adjoining the scapular articulation of the Humerus of the ~ 
recent elephant that we do not hesitate to identify the fragment found as 
the fossilized upper end of the humerus of an elephant. 


W. A. MIJSBERG. 
H. J. T. BIyLMeR. 
Weltevreden, Dec. 15, 1926. 


Paleontology. — The So-Called New Pithecanthropus Skull. (With 
one Plate). By Prof. Euc. Dusots. 


Goncise contents of a communication at the meeting of the Academy of 


December 18th, 1926). 


On September 27 1926 the Dutch newspapers contained the tele- 
‘graphic »ews from Batavia that Dr. C. E. J. HEBERLEIN, district 
government physician at Surabaya, had found a complete skull of 
Pithecanthropus erectus at Trinil. 

The news which, as appeared later, did not rest on- information 
furnished by Dr. HEBERLEIN, was soon spread all over the world. 

On October 2"4 an amendment and completion followed to the effect 
that it was not correct to speak of a skull of Pithecanthropus, but only 
of the front part of a human skull cap, from the apex to the line of 
the orbital arches, which projected somewhat more than in an ordinary 
human skull. Of the bone substance only a thin layer was preserved on 
the spongious rock mass of volcanic origin, of which the object for the 
rest entirely consisted. 

If this description was assumed to correspond to the real state of 
things, the spongious rock mass of volcanic origin could only be a piece 
of volcanic tuff, the rock formation of which the Kendeng-deposits, which 
contain the bones, consist. The spongious condition of this piece, which 
in this case could not have been found at Trinil itself, would then have 
to be ascribed to irregular calcareous impregnation and incrustation. 

But the description was still too vague to enable us to form an opinion 
on the real nature of the object. Especially photographs were required, 
and measurements if the object actually contained parts of a cranium. 

To the telegraphic request to send some preliminary measurements 
and photographs intended for communication to a meeting of the Academy, 
directed by me to Dr. HEBERLEIN on the same October 24, | received 
an answer on the 16 of this month, saying that he did not venture 
to give measurements, as the skull was mutilated and deformed, but that 
photographs would soon follow, and that he would place the skull at 
the disposal of the government. 

The Minister of Instruction, Arts, and Sciences then expressed the 
wish that if the fossil should be brought to Holland, it would be added 
to the Dusois Collection, and that it would be placed at my disposal 
for study and also preparation if necessary. 

For this reason I thought myself justified in wiring to Dr. HEBERLEIN 
on November 24 to ask when the Government in Holland could expect 
the skull which it would place in my hands, and to remind Dr. H. of 
the promised photographs. 
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On the sixth of December the photographs so eagerly expected, came 
into my possession. There were two, one of the right side and one of 
the left side of the “skull”, (fig. 1 and fig. 2), and at the same time I 
received a kind, extensive letter from Dr. HEBERLEIN. The photographs 
had been despatched from Surabaya on November 4". ') 

In his letter Dr. HEBERLEIN describes the object as a core of rock 
(“Steinkern”) of a- porous lava-like formation, covered by a lamella as 
thin paper, as remains of the flat cranial bones. 

He, therefore, considers the “spongious’” and “porous” character of 
this lava-like rock as an intrinsic feature, in other words: he takes it 


for cellular lava. es } 
_ His description of the “skull cap’ itself agrees in most points with 
that which had been made known on October 2.4 (and which, as I 
learned later from the news agency Aneta, rested on information supplied 
by Dr. HEBERLEIN himself). Now he adds, however, that the occiput, 
the left temporal bone, and the greater part of the left parietal bone 
is absent. He also elucidates what gave him the impression that the skull 
has been slightly deformed by a force acting from the back forward, 
“witness the relatively great breadth of the skull and an area which has 
been isolated and displaced on the backside of the rock core’. He states 
besides that the fragment of the skull makes on him more the impression 
of a decided homide form than of a Pithecanthropus. 

His explanation of the formation of a bone lamella as thin as paper 
spread uniformly over the rock core, by sulphuric acid corrosion of the 


1) In the “Algemeen Handelsblad’, evening paper, of December 8th 1926 and also in 
the edition of the “Nieuwe Rotterdamsche Courant’ of the same date there appeared the 
following announcement : 

“Professor EuG. DUBOIS writes to us: 

“Yesterday (Dec. 6) I received the long expected photographs of Dr. HEBERLEIN's 
“sensational “new Pithecanthropus-find’”’, two views, from the kind discoverer. They appeared 
“to give a sure foundation for a diagnosis. At a cursory glance the object really bears 
“some resemblance to a Pithecanthropus skull. On careful examination it appears to be 
“something quite different. It is not even a skull, but beyond doubt the greater ‘part of 
“the articular head of a humerus, the right humerus, of an elephant, probably Stegodon, 
“of which genus many bones have been found at Trinil. 

“May the object itself so widely discussed, which was put at the disposal of the 
“Netherlands-Indian Government by Dr. HEBERLEIN more than a month ago, soon arrive 
“in Holland”. ; 

On the same day I wired to Prof. G. ELLIOT SmitH, University College in London 
and to Prof. H. T. OSBORN, President American Museum of Natural History in New-York : 
“Photographs of HEBERLEIN’s Pithecanthropus just received show caput humeri Stegodon”. 

On December 8th the news agency Aneta also telegraphed my diagnosis to the Indies. 

On December 18th there appeared in the “Algemeen Handelsblad” and in the “Telegraaf” 
an extensive extract of my communication to the meeting of the Academy, illustrated by 
photographs. The contents were in main lines the same as this article. 

On December 31st Aneta wired from Batavia: “The investigation by Dr. MIJSBERG and 
Dr. BYLMER of the fossil found at Trinil has confirmed that we have to do here with 
the upper part (articular head) of the humerus of a fossil elephant.” ; 
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cranial bones from the outside, struck me as unfounded. Many bones 
from Trinil, inter alia the skull cap of the Pithecanthropus disinterred 
in 1891, actually show on the outside that they were corroded by sul- 
phuric acid from the rock (ground water), but this never took place in a 
smooth surface, but very unevenly, so that numerous pits and even holes 
were made in the bone. Moreover lava, which on solidifying still possessed 
a temperature above 1000° C., and besides emitted chlorine and hydro- 
chloric acid vapours, would have entirely destroyed a skull it filled. 

When removing the wrapper from the precious photographs I was struck 
at the first glance by the, albeit faint, resemblance they show to the 
skull cap of the Pithecanthropus, but immediately after by the closer 
resemblance to a neandertal human skull, which Dr. HEBERLEIN will, no 
doubt, also have realised. But when I looked more closely at the photos, 
the first thing that struck my eye was that the porous and spongious 
“lava-like rock” was in reality spongious bone substance as it is found 
in short bones and in the articular extremities of the long bones. In 
some parts, especially on the “left side’, the structure of spongiosa could 
be recognized in all particulars with the magnifying glass; the whole 
clearly manifests itself as such and shows a world-wide difference with 
lava. As the thin, solid, evidently unchanged bone layer smoothly rounds 
off this spongious substance on one side, we have undoubtedly to do 
with an articular extremity. In accordance with this the edges of the 
fracture on “the left side” are more like the edges of broken porcelain, 
and those of a petrified articular head, than like those of a fossil skull. 

Accordingly: the fragment is part of an articular head, and this of a 
very large bone (else it could not have been taken for a human skull) 
— hence of a large animal, — of the largest animal species found at 
Trinil and in the Kendeng fauna, — of an elephant. At Trinil only 
bones of the elephant genus Stegodon were found, but many of these. 
The supposition, therefore, suggested itself that the object must be a 
fragment of an articular head of Stegodon, and only the superior extremity 
of a humerus could show the form of a cranium. The same day in the 
Dusols Collection at Leyden I found back HEBERLEIN’s more manlike 
than Pithecanthropus-like cranial form in the right humerus of a Stegodon 
(Fig. 3). The spongiosa resembles to minute details that which is to be 
seen in fragments of the homonymous Stegodon bone in the said collection. 
This undamaged caput humeri likewise presents the absence of the 
“occiput”, the breadth which is relatively great for a skull, and this 
apparent “mutilation” and “deformation’’ (on the reverse side of the 
figure; also part of the collum humeri had been taken as part of the 
skull). For so far as the object found is intact, the profiles correspond 
entirely. The only difference consists in this that HEBERLEIN’s object is 
a fragment, and defective also in subordinate parts. It was for the greater 
part the latter circumstance that led Dr. HEBERLEIN to ascribe an 
‘apeman-manlike character to the object. 


EUG. DUBOIS: THE so-caLLeED NEW PITHECANTHROPUS SKULL. 


Fig, 1. Fig. 2. 


Fig: 3. 
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Also the way in which the object has come into Dr. HEBERLEIN’s 
hands, according to his letter, is not without significance for its history, 
and moreover instructive. 

He obtained the “cranial fragment” on the dry right bank of the 
Bengawan at Trinil, on the first visit that he, with a small party of 
friends, paid to this "classical locality” in August 1* 1926, from one of 
the native boys, who are daily pottering about there. The boy had 
found it on this bank, almost directly downward from the Pithecanthropus- 
memorial (a small pillar placed by me in 1893 as guide post to the 
finding place). At the very same spot also the latest excavations were 
made by the German expeditions. Dr. HEBERLEIN writes: “It was not 
found in situ in the layers, but loosened, between shingle’. Dr. HEBER- 
LEIN says shingle (“rolsteenen’), but genuine shingle or gravel does not 
occur there, and on a photograph shown me by Prof. BoLK, on which 
the spot at which the “skull” had been found, was accurately indicated, 
I clearly saw the pieces of broken rock of an excavation, so well known 
to me. For the rest according to my experience obtained during five 
years, nowhere bones are to be found there which have naturally come 
forth out of their layer. Obviously the find, which created such a 
sensation, is nothing but a fragment left behind as worthless by those 
most recent excavators. There are more such fragments to be found there. 
They are sought by native boys loitering around, and exchanged for 
some money with visitors of Trinil '). 

This case then appears to be an analogue to that of SCHEUCHZER, 
who, taking for a human pelvis the cranium of a giant salamander, 
imagined he had found a “Homo diluvii testis’. The stone plate with 
the skeleton quite laid bare by CUVIER is now a famous specimen of 
historic interest in the Teyler Museum. Such an error of one not quite 
expert in the matter is human, and the more excusable as it proceeds 
from meritorious motives. 


EXPLANATION OF THE PLATE. 


Fig. 1. Reproduction, at 4/5, of Dr. HEBERLEIN’s photograph, which represents the 
right side of the supposed skull. 

Fig. 2. Idem of the left side. 

Fig. 3. Upper end of the right humerus of a Stegodon (DUBOIS collection), at 2/5 of 
the natural size, back and outside view, reduced to such an extent that het 
linear dimensions of the articular head correspond with those of the (reduced) 
photograph of the right side of the supposed skull. The dotted line indicates 
the defective part of the outline of the fragment. 


1) On this rests also AL. HRDLICKa's statement after his visit to Trinil: “Here 
again there was a great field for discovery; but priceless material which might bear upon 
the history of man was being lost for ever as it washed out of the deposits and was 
thrown away or destroyed by the natives’. (Nature, October 10, 1925, Vol. 116, 
p. 557). 


Mathematics. — Das Hauptproblem iiber die dimensionelle Struktur 
der Raume. By KARL MENGER. (Communicated by Prof. L. E. J. 
BROUWER). 


(Communicated at the meeting of November 27, 1926). 


Der Raum R heisst im Punkte p mindestens k-dimensional, wenn alle 
hinlanglich kleinen Umgebungen von p mindestens (k—1)-dimensionale 
Begrenzungen besitzen, dh. wenn eine Umgebung Z(p) existiert, .so 
dass die Begrenzung jeder Umgebung U (p)< Z(p) mindestens (k —1)- 
dimensional ist. Ist R ein vorgelegter Raum, so bezeichnen wir mit R* 
die Menge aller Punkte des Raumes, in denen derselbe mindestens k- 
dimensional ist. Das Hauptproblem iiber die dimensionelle Struktur der 
Raume ist die Frage nach der Dimension der Mengen R*. Im Folgenden 
soll diese Frage!) beantwortet werden. 

Theorem J. In einem kompakten oder halbkompakten?) 
metrischen Raum R ist fiir jedes k die Menge R* aller 
Punkte, in denen der Raum mindestens k-dimensional ist, 
eine in jedem ihrer Punkte mindestens k-dimensionale Menge. 
Insbesondre ist also:in einem kompakten oder halbkom- 


pakten n-dimensionalen Raum, die Menge R aller Punkte, 
in denen der Raum n-dimensional ist, eine homogen n- 
dimensionale (d.h. in jedem ihrer Punkte n-dimensionale) 


Menge. Die Menge R ist in einem kompakten n-dimensio- 
nalen Raum R identisch mit der Summe aller homogen 
n-dimensionalen Teilmengen von R’). 

Beim Beweise wollen wir stets die Begrenzung der offenen Menge U 
mit B(U) bezeichnen und wir verwenden die folgende Additionsformel 
fiir Umgebungsbegrenztungen: 

B(U, + U,) = [B (U,) — U2. B(U))] 
+ [B (U,) — U, . B(U)). 


Diese Formel lasst sich offenbar fiir eine beliebige endliche Anzahl 


1) Ueber meine Behandlung dieser Probleme im Jahre 1922 vgl. die demnachst in diesen 
Proceedings erscheinende zweite Mitteilung iiber die Entstehung meiner Arbeiten zur 
Dimensions- und Kurventheorie. Im Bericht iiber die Dimensionstheorie (Jahresber. d. 
deutschen Math. Ver. 35, S. 113) musste ich die Frage noch als ungelést bezeichnen 
(Vgl. insbes. a.a.O. S. 138). URYSOHN (Fundam. Math. 8, S. 285) weist auf die besondere 
Schwierigkeit und Wichtigkeit dieses Problems hin. 

2) Ich nenne einen Raum halbkompakt (Vgl. ;Monatshefte f. Math. u. Phys, 34, 1924, 
S. 144) wenn er Summe von abzahlbar vielen kompakten Raumen ist. 

3) Ueber die Begriffsbildungen der homogen n-dimensionalen Menge und der Summe 
alle homogen n-dimensionalen Teile einer Menge vgl. bereits meine (Proc. Ac. Amsterdam 
29, Mai) abgedruckte Note vom Februar 1922, ; 
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von Summanden verallgemeinern, versagt aber fiir unendlich viele Summ- 
anden. Ich stiitze mich nun beim Beweis des obigen Theorems auf ein 
Lemma, auf das ich in verschiedenen Formen schon zu wiederholten 
Malen bei dimensions- und kurventheoretischen Strukturuntersuchungen 
gefiihrt worden bin') und das trotz seiner Einfachheit immer wieder 
die Herleitung wichtiger Konsequenzen gestattet- Die Bedeutung des 
Lemmas beruht darauf, dass es fiir gewisse unendliche Umgebungs- 
summen eine Verallgemeinerung der Additionsformel liefert. Ueberdeckt 
man eine Menge M irgendwie mit abzahlbar vielen Umgebungen, so 
besteht zwischen der Begrenzung der Summe aller dieser Umgebungen | 
und den Begrenzungen der Summanden im allgemeinen keinerlei additive 
Beziehung. Ueberdeckt man aber die Menge M mit einer Nullfolge von 
Umgebungen, deren jede mit M mindestens einen Punkt gemein hat, 
(d.h. entweder mit endlich vielen Umgebungen oder mit abzahlbar vielen 
zu M nicht fremden Umgebungen, deren Durchmesser gegen Null kon- 
vergieren), dann lehrt das Fundamentallemma, dass die Begrenzung der 
Summe aller dieser Umgebungen ausser Punkten von den Begrenzungen der 
Summanden héchstens Punkte einer im Raum abgeschlossenen Teilmenge 
von M—M enthalten kann. ?) 

Fundamentallemma.*) Ist A eine Menge eines separabeln metti- 
schen Raumes und {U,} (n=1,2,...) eine A iiberdeckende Folge von 
offenen Mengen mit gegen Null konvergierenden Durchmessern, deren 
jede mit A mindestens einen Punkt gemein hat, dann gilt 


o 


B(z UL) < 5 B(U)+A—A. SU). 
n=1 


ee n=1 


Sei nun zum Beweis des Theorems I p ein Punkt von R*, ein Punkt 
also, in dem der halbkompakte Raum R mindestens k-dimensional ist. 
Es existiert eine Umgebung Z(p), so dass die Begrenzung von jeder 
Umgebung U(p)< Z(p) mindestens (k—1)-dimensional ist. Um zu zeigen, 
dass R* in p mindestens k-dimensional ist, wollen wir gegen diese Defi- 
nition von Z(p) einen Widerspruch herleiten aus der Annahme, dass 
eine Umgebung V(p) << Z(p) *) existiert, deren Begrenzung mit R* einen 
héchstens (k—2)-dimensionalen Durchschnitt hat. Bezeichnet B die Be- 
grenzung von V (p), so existiert nach einem Satz von TUMARKIN *) eine 


1) Vgl. Ueber die Dimension von Punktmengen, Monatshefte f. Math. u. Phys., I, Bd. 33, 
S. 150f.; Il, Bd. 34, S. 146f.. Grundziige einer Theorie der Kurven, Mathem. Annalen 95, 
Hole 

2) Mit M bezeichnen wir in iiblicher Weise die abgeschlossene Hiille von M. 

3) Der Beweis dieses Lemmas erfolgt durch dieselben Schliisse, die ich an den auf 
dieser Seite sub!) erw&hnten Stellen durchgefiihrt habe. 

4) Ich schreibe A<<B gleichbedeutend mit A<B. 

5) Vgl. Proc. Ac. Amsterdam, 28, S. 995. Man beweist diesen fiir n = — 1 trivialen 
Satz am einfachsten nach HUREWICZ so: Angenommen, der Satz sei bewiesen fiir n—1 
und es sei M eine n-dimensionale Menge. Sei dann j U; } (i= 1,2,..) eine Folge von 
offenen -Mengen, deren. Begrenzungen B, mit M_ hdéchstens (n—1) dimensionale Durch- 


140 


héchstens (k —2)-dimensionale G:-Menge P< B, welche die héchstens 
(k —2)-dimensionale Menge B.R* enthalt. In jedem Punkt von B—B. R*, 
insbesondre also in jedem Punkt von B—P, ist R hdchstens (k —2)- 
dimensional. Die Menge B—P ist also ein F, des halbkompakten Raumes 
R, von dem jeder Punkt enthalten ist in beliebig kleinen Umgebungen 
mit hdchstens (k—2)-dimensionalen Begrenzungen. Nun gilt, wie ich an 
anderer Stelle!) bewiesen habe, folgende: 

Verallgemeinerung des Borelschen Theorems: Ist die 
Menge A ein F. eines halbkompakten Raumes und ist S ein System 
von offenen Mengen, so dass jeder Punkt von A in beliebig kleinen 
offenen Mengen des Systems S enthalten ist, dann ist A fiir jedes « > 0 
tiberdeckbar mit abzahlbar vielen offenen Mengen aus S, deren Durch- 
messer <¢ sind und gegen Null konvergieren. 

Betrachten wir die F.-~Menge B—P, ferner das System S aller 
offenen Mengen < Z (p) mit héchstens (k—2)-dimensionalen Begrenzungen. 
(Wegen V(p) << Z(p) ist jeder Punkt von B—P in einer solchen Um- 
gebung enthalten). Die Verallgemeinerung des Borelschen Theorems lehrt, 
dass eine B— P iiberdeckende Folge {U,} (n = 1, 2, . .) von offenen Mengen 
mit héchstens (k—2)-dimensionalen Begrenzungen B, existiert, die sdmtlich 
<Z(p) sind, deren Durchmesser gegen Null konvergieren und deren 
jede mit B—P mindestens einen Punkt gemein hat. Setzen wir 


U=¥ U,, dann ergibt das Fundamentallemma 


(+) B(u)< = B(U,) +F, 


wobei 


gesetzt ist. : 
Mit Riicksicht auf diese Definition der abgeschlossenen Menge F gilt 


Ficus Beets 
Til 


also, wegen B—P< = U,, die Beziehung 
n=1 


FPS 


Mithin ist die abgeschlossene Menge F héchstens (k—2)-dimensional. 
B(U) ist wegen (+), als Summe der abzadhlbar vielen abgeschlossenen 


schnitte haben, und so, dass sich auf jeden Punkt des Raumes eine Teilfolge dieser Folge 
zusammenzieht. Nach Annahme gibt es zu jedem i eine hdchstens (n—1)-dimensionale 


G;-Menge G,; > M.B,. Wir nennen G das Komplement der F,-Menge 5 (B;— G;,). 
=1 
Diese G3-Menge enthalt offenbar M und ist héchstens n-dimensional, denn fiir jedes i ist 
der Durchschnitt von B,; mit G Teil von G,, also héchstens (n—1)-dimensional. 
1) Vgl. Einige Ueberdeckungssatze der Punktmengenlehre, Wiener Ber. 133, S. 423. 
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héchstens (k—2)-dimensionalen Mengen B(U,) und F, héchstens (k—2)- 
dimensional. Setzen wir nun 
W()=Ve)+uU, 
und wenden wir auf diese Summe die Additionsformel fiir Begrenzungen 
an, so haben wir 
B(W (p)) <B(U) + (B— U.B) 

Die abgeschlossene Menge B—U.B ist, wegen B—P<U Teil von P, 
mithin hdchstens (k—2)-dimensional. W (p) ist also eine Umgebung von 
p< Z(p), deren Begrenzung als Summe zweier abgeschlossener héchstens 
(k—2)-dimensionaler Mengen héchstens (k—2)-dimensional ist. Damit ist. 
der zum Beweis von Theorem I gewiinschte Widerspruch hergestellt. 

Theorem II. Ist R ein separabler metrischer Raum und R* 
die Menge aller Punkte, in denen Rmindestens k-dimen- 
sional ist,dann ist jede nicht-leere in R‘ offene Menge min- 
destens (k—1)-dimensional. Insbesondere ist also in einem 


n 


separabeln n-dimensionalen Raum R die Menge R ent- 
weder n-dimensional oder (n—1)-dimensional. Beide Fadlle 
kénnen sich ereignen. 

Wir haben zum Beweis einen Widerspruch herzuleiten aus der Annahme, 
U sei eine in R offene Menge, die mit R* einen nicht-leeren héchstens 
(k—2)-dimensionalen Durchschnitt hat. Sei p ein (auf Grund dieser Annahme 
existierender) Punkt von U .R*. Da p Punkt von R* ist, ist der Raum 
im p mindestens k-dimensional. Die Annahme, U .R* sei héchstens 
(k—2)-dimensional, ist demnach ad absurdum gefiihrt, wenn mit ihrer 
Hilfe, gezeigt werden kann, dass beliebig kleine Umgebungen von p mit 
héchstens (k—2)-dimensionalen Begrenzungen existieren. Wir geben, um 
dies tatsiichlich aus der Annahme herzuleiten, eine Umgebung V(p) << U 
vor und eine Umgebung Z(p) << V(p). Zu jedem Punkt von U— U Re 
existieren beliebig kleine Umgebungen mit héchstens (k—2)-dimensionalen 
Begrenzungen. Wir ordnen jedem Punkt q der Menge U—U. R* eine 
Umgebung U (q) mit héchstens (k—2)-dimensionaler Begrenzung zu, mit 
der einzigen Bedingung (6), dass jede Umgebung U(q), welche mit 
U—V(p) Punkte gemein hat, zu Z(p) fremd ist. Abzahlbar viele 
derartige Umgebungen, etwa die Umgebungen 17} (n= 152...) ber 
decken U. Wir setzen 

n—1 __ 


w,=—U, a We Le ee ie 
i=l 


Die offenen Mengen W, (n=1,2,...) sind paarweise fremd, besitzen 
hdchstens (k—2)-dimensionale Begrenzungen, und iiberdecken nebst ihren 
Begrenzungen die Menge U.—U.R*. Ist B, die Begrenzung von W, 
dann ist 
U=U.R =< > WwW, + 2 B,. - also uU<2W,+2B,+R. (+). 

n=1 n=1 nr n= 


Wir bilden nun die Teilfolge aller jenen Mengen der Folge {W, }, 
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welche mit U—V(p) Punkte gemein haben. Es sei {Wi} (n=1,2,...) 
diese Teilfolge. Wir setzen 
W (p)=U—-U. Wi. 

W(p) ist eine oftene Menge. Wegen der Bedingung ({) gilt W(p) > Z(p), 
also ist W(p) eine Umgebung von p. Ferner gilt W(p)< V(p), denn 
es ist W(p)<U und jeder Punkt von U—V(p) liegt in einer der Um- 
gebungen ;, oder in mindestens einer der Begrenzungen B;,. Wir 
haben also, um unser Ziel zu erreichen, nur noch zu zeigen, dass die 
Begrenzung B von W(p) héchstens (k—2)-dimensional ist. Nun ist aber 
sicherlich kein Punkt von B in irgend einer der offenen Mengen W, 


enthalten. Es gilt mithin wegen (+) B< s B, +R*. Auf Gemeente: 
n=1 


Seite dieser Ungleichung steht die Summe von abzahlbar vielen abge- 
schlossenen héchstens (k — 2)-dimensionalen Mengen. Denn jede der 
Mengen 8B, ist laut Voraussetzung héchstens (k — 2)-dimensional und, als 
Begrenzung eine offenen Menge, abgeschlossen. Die Menge R* aber ist 
bekanntlich ein F,, d.h. Summe von abzahlbar vielen abgeschlossenen 
Mengen, und sie ist laut Annahme héchstens (k — 2)-dimensional. Also 


ist die Menge X B, + R* Summe von abzahlbar vielen abgeschlossenen 
n=1 


héchstens (k — 2)-dimensionalen Mengen des separabeln Raumes R und 
daher nach der HUREWICZ-TUMARKIN’schen Verallgemeinerung des Sum- 
mensatzes') héchstens (k—2)-dimensional. Die Begrenzung B ist als Teil 
dieser Menge héchstens (k—2)-dimensional. Damit ist der Beweis, dass 
U.R* nicht (k — 2)-dimensional sein kann, abgeschlossen. 

Insbesondre ist also in einem n-dimensionalen separabeln Raum R die 


Menge R entweder n-dimensional oder (n—1)-dimensional. SIERPINSKI?) 
hat tatsachlich eine ausserordentlich merkwiirdige eindimensionale Menge 
konstruiert, welche bloss in den Punkten einer abzahlbaren, also null- 
dimensionalen Menge eindimensional ist. 

Offen bleiben folgende Fragen: 

1) Gibt es fir jedes n einen separabeln n-dimensionalen Raum, mit 
(n—1)-dimensionaler Menge R" ? 3) 


1) Vgl. HUREWICZ, Mathem. Annalen 96, TUMARKIN, Proc. Ac. Amsterdam, 28, 
2) Vgl. Fundam. Math. 2, S. 81. 
3) Es ware wiinschenswert, dass wenigstens fiir n =2 eine solche Menge durch Zuriick- 


gehen auf SIERPINSKI's Konstruktionsmethode angegeben wiirde. — Bezeichnet man in 
iiblicher Weise als Produkt der Raume A und B die Menge aller Paare von Elementen, 
deren erstes aus A und deren zweites aus B entnommen ist, und fiir welche die bekannten 
Limesfestsetzungen getroffen sind, dann entsteht auch folgende Frage: Welche Dimension 


besitzt das Produkt M der SIERPINSKIschen Menge mit einer Strecke und welche Dimension 


2 : 
besitzt, falls M zweidimensional ist, die Menge M? Welche Dimension besitzt ferner das 


Quadrat der SIERPINSKIschen Menge und die Menge aller Punkte héchster Dimension 
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2) Ist die Menge R*, von der wir wissen, dass jeder ihrer nicht-leeren 
offenen Teile mindestens (k—1)-dimensional ist, in jedem ihrer Punkte 
mindestens (k—1)-dimensional, oder kann sie in manchen ihrer Punkte 
von geringerer Dimension sein? 

Wir ziehen aus dem Theorem II noch eine Folgerung. 

In einem separablen Raum R ist fiir k=2 die Menge Rt, falls sie 
‘nicht leer ist, kondensiert, d.h. jeder ihrer relativ offenen Teile enthalt 
unabzahlbar viele ihrer Punkte. 

Denn fiir k==2 ist jede nicht-leere in R* offene Menge mindestens 
eindimensional, also unabzahlbar. 


Theorem III lehrt, dass die Menge R aller Punkte, in denen der sepa- 
rable Raum R n-dimensional ist, zwar mindestens (n — 1)-dimensional, 
aber nicht notwendig n-dimensional ist. Theorem I zufolge ist fiir das 
letzere Kompaktizitaét oder Halbkompaktizitat des Raumes R hinreichend; 
aus einfachen Beispielen geht aber hervor, dass fiir die n-Dimensionalitat 


der Menge R Halbkompaktizitat von R keineswegs notwendig ist. Es 
entsteht daher die wichtige Frage nach allgemeinen Bedingungen, welche 


die n-Dimensionalitat von R gewahrleisten. Solche Bedingungen ergeben 
sich durch Beriicksichtigung verschiedener Verallgemeinerungen des 
Borelschen Theorems. 

Theorem III. Ist in einem separabeln n-dimensionalen Raum 


R die Menge R—R aller Punkte, in denen der Raum went- 
ger als n-dimensional ist, ftir jedes e>0 tiberdeckbar mit 
mit abzahlbar vielen offenen Mengen, deren Begrenzun- 
gen héchstens (n—2)-dimensional sind und deren Durch- 
messer <e sind und gegen Null konvergieren, dann ist 


die Menge R homogen n-dimensional. Insbesondre ist 


dies der Fall, wenn die Menge R—R, in sich betrachtet, 
ein halbkompakter Raum ist, oder wenn zu jedem Punkt 


von R—Reine auf ihn sich zusammenziehende Folge von 
nicht allzu exzentrisch werdenden Umgebungen') mit 
héchstens (n—2)-dimensionalen Begrenzungen existiert. 


Wir setzen voraus, dass die Menge R—R die in Theotem III ange- 


dieses Qnadrates? Offenbar ist das Produkt eines n-dimensionalen und eines m-dimen- 
sionalen Raumes stets héchstens (m-+n)-dimensional. Die Frage ist aber noch offen, 
ob die Dimension eines solchen Produktes nicht unter Umstanden weniger als (m-+ n)- 
dimensional sein kann. Sollte dies méglich sein, so tritt der Fall vermutlich fiir das 
Produkt von in gewissem Sinn schwach n-dimensionalen und schwach m-dimensionalen 
Raumen ein, also vielleicht fir Raume, die bloss in den Punkten einer (n—1)-dimensio- 
nalen Menge n-dimensional sind. 

1) Vgl. iiber diese Begriffsbildung meine erwahnte Arbeit, Wiener Ber. 133, S. 434 f. und 
Bericht iiber die Dimensionstheorie, S. 135 f. 
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gebene Ueberdeckbarkeitseigenschaft besitzt, und wollen einen Widerspruch 


herleiten aus der Annahme, die Menge R sei in ihrem Punkt p héchstens 
(n—1)-dimensional. So wie bei Beweis von Theorum I erhalten wir einen 
solchen Widerspruch, indem wir eine beliebige Umgebung U (p) vorgeben 
und aus der fraglichen Annahme die Existenz einer Umgebung W (p) < U(p) 
mit hédchstens (n—2)-dimensionaler Begrenzung herleiten. Sicher existiert 
der Annahme zufolge eine Umgebung V (p) << U (p), deren Begrenzung 


B mit der Menge R einen héchstens (n—2)-dimensionalen Durchschnitt 


hat. Die Menge B—B.R kann aber (der Ueberdeckbarkeitsvorausset- 
zung zufolge) mit einer Nullfolge von offenen Mengen < U (p) iiberdeckt 
werden, deren Begrenzungen héchstens (n—2)-dimensional sind. Die Summe 
V’ dieser Nullfolge ist nach dem Fundamentallemma eine offene Menge, 
deren Begrenzung héchstens (n—2)-dimensional ist. Die Summe W (p) 
von V(p) und V’ ist eine Umgebung < U (p) von p, deren Begrenzung 
nach der Additionsformel héchstens (n—2)-dimensional ist, womit der 
gesuchte Widerspruch hergestellt ist. — Dass die in der ersten Halfte 
des Theorems III angegebene Ueberdeckbarkeitsbedingung in dem in 
der zweiten Halfte des Theorems angefiihrten Fall tatsachlich erfiillt ist, 
habe ich an anderer Stelle ') bewiesen. 

Wir fassen die Resultate dieses Aufsatzes noch fiir die Teilmengen 
Euklidischer Raume zusammen. Die F.-Mengen eines Euklidischen Raumes 
sind, in sich betrachtet, halbkompakte Raume. Jede beliebige Teilmenge 
eines Euklidischen Raumes ist, in sich betrachtet, ein separabler Raum. 
Wir kénnen also sagen: 

Fiir jede n-dimensionale Menge M eines Euklidischen Raumes ist die 


Menge M aller Punkte von M, in denen M n-dimensional ist, entweder 
n-dimensional oder (n—1)-dimensional. Fir jede n-dimensionale abgeschlos- 


sene oder F;-Menge M eines Euklidischen Raumes ist die Menge M 
homogen n-dimensional, d.h. in allen ihren Punkten n-dimensional. 


Desgleichen ist auch fiir jede Menge M, die kein F- ist, die Menge M 


homogen n-dimensional, falls sich auf jeden Punkt von M—M nicht 
allzu exzentrisch werdende Umgebungen, deren Begrenzungen mit M 
héchstens (n—2)-dimensionale Durchschnitte haben, zusammenziehen. 


1) Wiener Ber. 133, S. 434. 


Physics. — Investigations on the free energy of a mixture of ions. 
By H. A. KRAMERS. (Communicated by Prof. P. EHRENFEST). 


(Communicated at the meeting of December 18, 1926). 


I, Statement of the problem. Main results. 

In 1923 DeEBYE and HUECKEL ') published a simple and elegant method 
of calculating the influence of the electrostatic forces acting between the 
ions in the solution of an electrolyte. They arrived at the result that 
the free energy ¢ of a solution is decreased on account of the electro- 
static forces by an amount which, for sufficiently small concentrations, 
can be represented by: 


mrs N; a a? % 1 
ee se OD hea ae ae 
In this formula N,...N, denote the numbers in which ions of 
the kind 1,...i,..s are present in the solution, while z;e is the 
charge (¢ = elementary quantum of electricity) and a; an “effective” 


radius belonging to an ion of the it* kind. D is the dielectric constant 
of the solvent and finally, x is a quantity of the dimensions of a reciprocal 


length, defined by: 
2 
PE Tate ak ee are LN) 


In this formula T is the absolute temperature, k BOLTZMANN’s constant 
and n; the number of ions of the kind i per cm’. 

Imagining the ions as spheres of radius a; plunged in a continuous 
medium of dielectric constant D, we can, by means of the methods of 
statistical mechanics, establish an exact expression for A¢ in the form 
of a definite integral in which the integration has to be extended over 
the coordinates of every ion in the solution 7): 

AE E 
Ve aay on fe dx; dy; dz. dan 7 eB) 

Here E denotes the electrostatical energy (if D depends on temperature, 
the electrostatical free energy) of a given configuration of the ions in 
the solution: 


Pisa be gre Pt Naps cal oe oe a) 


1) Phys. Zs. 24, 185, 1923. 
2} Comp. W. GIBBS, Principles in statistical mechanics, p. 33, form. 92, and Chapter XIV. 
10 


Proceedings Royal Acad. Amsterdam. Vol. XXX. 
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&, and e denote the charges of the hk’ and I’ ion, while ri: is the 
distance between these ions. The integration variables x,,...zn in (3) 
are the cartesian coordinates of the ions, and the integration has to be 
extended over all possible configurations in the total volume V. The 
fact that E is a homogeneous function of the coordinates of the degree 
—1 involves (at any rate if the influence of radii of the ions may be 
neglected) that the value of /\¢/T for a mol of the solved substance 
depends on the temperature 7 and on the concentration n = Yn; in the 
form of a function of n/T?. ') 

The explicit calculation of A¢ by means of (3) meets with mathema- 
tical difficulties, mainly due to the fact that the ordinary method, develop- 
ment in decreasing powers of JT, does not give a series the first terms 
of which suffice. In the case where the ionic radii are very small, the 
terms of that series become very large, although a simple consideration 
shows?) that for sufficiently small concentrations A¢ converges asymptotic- 
ally to a function which does not depend on these radii. This property 
is clearly expressed in the formula (1) of DEBYE and HUECKEL. If we 
take the radii exactly equal to zero, however, the integral (3) diverges; 
the model involves in that case that the positive and negative ions will, 
in the state of equilibrium, be groupwise associated. 

Starting from formulae equivalent to (3), MILNER, in 1912, tried by 
long numerical calculations to find the values of A¢ for very small 
ionic radii. He introduced several approximations which were difficult to 
control, and as regards their practical applicability his results fall short 
of DEBYE’s and HUECKEL’s 3) elegant formulae. 

DeEBYE and HUECKEL do not start from the integral (3) but they apply 
an ingenuous artifice. They consider the statistical distribution of the 
ions surrounding a definite ion J and establish a partial differential 
equation which the mean potential’ at a distance r from J must obey. 
This method, however, could only give a first approximation. One might 
especially suspect that for not too small concentrations the distribution 
in the nearest neighbourhood of I is not accounted for with sufficient 
exactness. 

In the next chapter we shall, starting from the methods of statistical 
mechanics, try to determine the influence of the electrostatic forces as 
far as it does not depend on the ionic radii, ie. for small radii. For 
small concentrations we refind the expression of DEBYE and HUECKEL. 
For larger concentrations, however, we find peculiar deviations, Thus 
our formulae seem to show that a state of statistical distribution of the 
ions which is independent of the atomic radii and which is established 


1) O. KLEIN, Medd. fr. K. Vet. Nobelinstitut, 5, 1919. See also p. 148 of this article. 

2) S. R. MILNER, Phil. Mag. 23, 551, 1912, and especially N. BJERRUM, Copenhagen 
Academy, Mat. fys. Medd. 7, 9. 

3) Compare what MILNER himself states about it in NONHEBEL and HARTLEY, Phil. 
Mag. 7 2, 586, 1926. 
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if from the random distribution at very small concentrations we pass to 
larger concentrations can only be realised below a certain maximum 
concentration. For an electrolyte of the KCl type in water at 15° C. 
this concentrations corresponds to about 0,03 mol. KCI per litre. The 
consequences of this seem to be 1. that, conforming with DEBYE’s and 
HUECKEL’s results, a description of the phenomena in which the radii 
are neglected, is only possible at extremely small concentrations, and 
2. that is useless, for: higher concentrations, to apply DEBYE’s and 
HUECKEL’s ') formulae as a correction factor. 


II. Calculation of the free energy. 


As our starting point we choose a canonical ensemble of a more 
general type than that on which (3) was based. A sample of the latter 
was specified by definite positions of the centres of the N ions in the 
volume V, each ion carrying its corresponding charge. Our generalized 
ensemble, however, will be such that, for a given configuration of the 
centres of the N ions, the charge on the k'* ion may still assume any 
value of which the charge of an arbitrary ion in the solution is capable. 
The chance that an arbitrary ion belongs to the kind i is expressed by 
the fraction “'/y. We will therefore allow N% samples of our ensemble 
to correspond with a given configuration of the ions in the volume 
under consideration, in such a way that for given charges of the ions 
1,2,...k—1, k+1,...N, there will be N; samples in which the 
k ion carries the charge z‘e, i taking the values 1,...s. Our ensemble 
forms thus a part.of the so-called grand-ensemble introduced by GIBBS’), 
namely that part for which the number of ions in V just equals N. 

If now we proceed to calculate mean values in our generalised ensemble 
we must remember that the integrals over all possible configurations of 
the N ions will diverge if the radii are taken infinitely small. This 
difficulty may be met in two ways. We may in the first place assume 
the radii to be finite (method A). In that case the extension over which 
the variabeles x;,...zw are to be integrated will depend on the charges 
attributed to the ions. Formally all configurations of the centres of the 
N ions are permissible if we add to the energy expression (4) a function 
which becomes infinite if the centres of two ions with charges ¢; and ¢, 
are nearer to each other than a; + a;. Only if all the radii a; were 
equal it would be permissible for all samples of the ensemble, to integrate 
over the same extension in the x,...2zZn space. 

In the second place (method B) we might apply a less physical 
treatment, not comparing the ions to solid spheres, but modifying the 


1) For the literature compare F, HUECKEL, Zur Theorie der Elektrolyte, Ergebnisse der 
exakten Naturwissenschaften III, 1925. 

2) Principles in statistical mechanics, Ch. XV. See especially p. 190. The quantities 4; 
of GIBBS are in our terminology equal to kT log N,/N. 
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expression (4) in another way. This may be done so that the integrals 
representing the mean values over all configurations no longer diverge 
but that at the same time the property of the energy to be a homogeneous 
function of the coordinates of. the degree —1 is preserved. For this 
purpose we may choose for the energy function: 


; 1 
B= p> = & Fe get ie z . - ; 5 - * (5) 


where gx: is equal to 


ees pee ri __ (x — 2)?-+ (yx — y)?-++ (ze — 21)? 
DH Tg SO hn arto SOR RRPIT Memstvodltck tis ae th toley de ean 


If the origin of the system of coordinates is taken somewhere outside 
the vessel so that Ry: is always of the order of magnitude of the linear 
dimensions of the vessel (d=V'""), 2 can always be taken so large that 
the energy expression (5) practically coincides for all configurations with 


(4). Deviations will only occur if i= is of the order 1 or smaller, As 


d 
the mean distance of two neighbouring ions is of the order dn—s we 
need only take 4 of the order n'? or ns), 
We will now replace the expression (3) for A¢ by the mean value 
over our generalised ensemble: 
Ag E! 


Vent) =f ING en ieee ae | eee 


Here » denotes the summation over the N% samples corresponding 
to a given configuration. The considerations of KLEIN cited above will 
now hold exactly if the method B is assumed, whereas they will hold 
approximately if A is applied. In fact if every coordinate is multiplied. 
by an arbitrary factor f, and if, at the same time, the temperature is 
chosen f times smaller, the value of the exponent in (7) does not change. 
From this it follows that, by the introduction of the factor f, the value 
of integral has been multiplied by f°" since the volume of the vessel has 
become f? times as large. If we remember, moreover, that for N sufficiently 
large and for a given concentration n(—number of ions in unit volume) 
the integral in (7) will depend on N only in the form of an N* power 
(this holds exactly with method A, but approximately with method B), 


we see that (7) can be written in the form: 
4g 


e- FF = [e (ne Ge eee, ah 


The deduction shows that this result under all circumstances stands 
as an approximation, which can be applied only as far as a statistical 


1) The occurrence in (5) of R,,, the distance of the geometrical centre of two ions from 
the origin, means that this centre is attracted towards, or repelled from, the origin. Only 
for a pair of ions which lie very near to each other (r pe Rl A) and which for small 
concentrations are very rare, will these forces have a perceptible influence. 
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distribution of the ions exists, which does not depend on the ionic radii. 
We will now transform the integrand in (7). 
We consider the expression (5) for E’ as a quadratic function of the 
N variables ¢,,¢,...ey, and we imagine this function to be given the 
canonical form by a so-called “transformation of principal axes’’: 


er s 
EH FZ HH gu="[2 Fbmyn - Pe Seer) 
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The quantities b,, are the roots of the following equation of the N® 
degree: 


Eh == Op ats eapta a". uae mmen 110) 
A being a determinant | Ay| of the order N, the diagonal terms of 
which are equal to b whereas the other terms are given by Au=—=gujp- 


Let the relation between the «’s and the y's be represented by: 


Y= 2 Ymk & Soe igs mak che Hee se es (11) 


the coefficients ym obeying the well known conditions of orthogonality: 


2 Vine | 2 Ymk Ym'k =0 Ahi pee a (12) 


The 6's as well as the y's depend only on the ionic configuration. 
The summation in the integrand in (7) has now become a summation 
over the different values which the y’s can assume as a consequence of 
the different discrete -values in our ensemble. This summation, however, 
can be written in the form of an integral if we may assume that all 
quantites mx are small compared with unity, an assumption which will 
be fulfilled, independent of the concentration, for the large majority of 
possible configurations. In that case the quantities y can practically 
assume all values between —oo and +, and the probability that y 
lies between y, and y, + dy, will be given by a GAUSS error function. 
The mean value of y, is equal to zero since the mean value of «& is 
equal to zero, due to the condition of neutrality SN;z; —0. For the 
mean value of y? we find, using (12), 


Baz ndaeen).(2ya)aerhaay 


where y is an abbreviation. From (12) follows furthermore that the 
different y's are statistically independent. 
YmYm' = ax Ymk Ym'k a =—1 PS Ymk Vm'k ==) 


The chance that y,, lies between y, and ym +dym (m= 43:2 Mera.) 
therefore equal to 


2 
(2)? exp | 32 | da... un ae Lael) (13) 


150 


and the integrand in (7) can be calculated as follows: 


NS Se PT =(2an) %? f...f dy,...dyn .exp | ne (545. )e2 fe 


Lisa) -[Ge CDP =e 


Here A denotes, just as in (10), the N* degree polynomial the roots 
of which are the b’s and we see that A is an abbreviation for 


1 O9i2 9i3--+- Agin 
Pn eae re ee ene TE aes 
CONS tee ce ae eee ae 


where gx, according to what has been said with reference to (6), is 
practically everywhere equal to !/ The quantity a stands as an 
abbreviation 


Cer 


2 


4an 


Cae Dk Da “= (16) 

The quantity a is independent of the concentration n and has the 
dimensions of a length'!). It is related in the way stated with DEBIJE’s x? 
which is directly proportional to the concentration. 

Before we proceed, some remarks must be made as regards the approx- 
imation tacitly involved in the results (14) and (15). In the first place it 
will be seen that the integration over a y-coordinate y,, is only permissible 
as long as 1 + bn), is positive. Now 6, will often be negative, so that 
for every configuration T may always be so small that the mentioned 
quantity becomes negative. In that case the integration over ym from 
— co to + o would lead to on infinitely large value. In order to meet 
this difficulty, we might extend the integration from — MY to + M, these 
guantities being the extreme values which y, can assume, ie. M= 
= tmaxVN where €max is the maximum ionic charge present. We will 
however content ourselves here with stating that A’ would, for a given 
configuration, exactly represent the mean value of e—*’/«T in our generalised 
ensemble if the possible values of « for an ion were not limited to the 
discrete values z,¢,...z,¢ but if «, could assume all values from —o to 
+ 00, the chance for « to lie between « and «+ de being proportional 
to exp [—e?;/2,] dex. That this holds for a continuous range of values a, 
including a0, for which A is positive, is easily verified, for instance 
by on one side developing A~' in a series of powers of a, and by on 
the other side developing e~*/«T in a series of negative powers of T and 


1) At T=300° Kelvin, D= 80, and for a binary electrolyte with z}=z,=1, we have 
x = 6,9. 10—8 cm. 
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-averaging over all possible « values. The two series will coincide exacly 
provided the « are not distributed discretely but continuously in the way 
just mentioned, 

A closer investigation of the approximation involved in (14) would of 
course be very desirable; in the final result this approximation involves 
the neglect of terms essentially depending on the ionic radii and in the 
quantities ¢°, «4, etc. We will, therefore, not enter upon this question here. 

By means of the value of the integrand in (7), given by (14) and (15), 
we find for the decrease of the free energy due to the interionic forces: 


Game eBlog Bae eh 19) 


where the bar denotes that the mean value has to be taken over all 
configurations of the ions in the volume under consideration. Now, if 
(17) is to have a thermodynamical meaning, the relative fluctuations of 
A must be exceedingly small on account of the large number of ions. 
We may therefore replace A: by AW! 

A general expression for A is derived in the following way. We denote 
the determinant (15) which refers to N ions in the volume V by An, 
while a determinant which is constructed in an analogous way but which 
refers to only N—1 ions in the same volume, will be called An_;. We 


may write: 


oe Me Gin G13 6 a 
An=aN g21 Ns 923 Sees ‘ . . ‘ 5 ry (18) 


Differentiating with respect to « and remembering that’ the mean 
values of the subdeterminants of the diagonal terms in (18) are all 
equal we find: 


ow Nay <a N Asi =~ Av—An) |) 
Ol a a a 


Considering An as a function of the continuous variable N and 
writing as an approximation 


An—An-1 =oN ° (20) 
(19) will assume the form: 
0A_,,0A 
“9a NON 


From this we conclude at once that A, fora given volume V, depends 
on N in the form of a function of aN: 


Ac vila NV). «es orc aebhacne ali 


152 


We compare this result with (8) the right hand term of which equals. 
A-. As T is inversely proportional to a, and n equal to N/V, we find: 


A=veanv=|o()I HW STAr PED} 


This functional relation is only satisfied by: 
A = exp [—2 K (aN)'! Vl] = exp [—2 Ka’ n'hN] . (23) 


From the relation 


GS Vekd log Air nae Gl. eee) 


it follows then that At has precisely the form which formula (1) of 
DEBYE and HUECKEL assumes for infinitely small radii. 

Before calculating the constant K in (23) we will first investigate what 
becomes of A if we do not introduce the approximation (20). In fact 
follows from (23) that for larger concentrations the ratio between 
An and Ay_, will deviate more and more from unity, so that (20) is 
no longer permissible. For the sake of simplicity we will in the following 


calculation assume Vi= 1, i.e. n= WN, so that we may write: 


A= lo? nll) et ain ed ae Lee cee 


For A, — A,—1 we get then, using (25): 


A, — Ani =[o (a3 n)P — [w (@ (nl) = 


=[o(e | o— (1S) |= [ole ale | oe | 


da 


Here w’ denotes the differential coefficient 
dx 


of w with respect to the 
argument 
Gromer 


Bile derby raped nc heen” » AP RG) 


The approximations which have been introduced are quite in conformity 
with the spirit of statistical mechanics and are certainly legitimate if the 
number of ions is sufficiently large '). 

Equation (19) now assumes the form: 


0A, =nw >! 30 no = P pr () —enein | ). 

Oa a 

This leads to the following differential equation for w: 
3x0’=o—e-" le. i cate (27) 


1) Mr. ORNSTEIN had informed me that, in his dissertation (Leyden, 1908) analogous 
transformations were successfully applied in the theory of the equation of state, 
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The exact solution of this equation can be represented by means of 
a parameter f: 


oe (1+31)~! K xia Veeesite > een ae (28) 


where K is a constant of integration. 
_ For small ¢ values we find: 


G= A P= 1 2KV x or APS f=2Ka%™,..., (29) 


Thus K is the same constant as that entering te (23): 

For larger values of x, w changes in a peculiar way. The maximum 
value which x can take for real values of t (and only such values lead 
to real w) correspond with t= 72/;, and just for that x« value (K2x = ‘/43) 
w takes its minimum value. For ¢ larger both x and —w decrease. To 
such values, as well as to negative values for ¢, we shall attach no 
physical significance. The figures on this page give — “log w as a function 


KVx— 0,05 O10 0128 K2x—> 0,005 0.010 O15 O01685 
Sato T 7 T T 
: i 


of Vx and of x. In both figures also the function — !°log w = 0,869 K Vx 
which would correspond to DEBIJE’s and HUECKEL’s formula has been 
given. 

In order to find the value of the constant K we might simply assume 
the formula of DEBIJE and HUECKEL to hold for small concentrations. 
For the sake of uniformity, however, we will start directly from the 
expression (15) for A, and by means of it compute the function in 
(25) for small concentrations. For simplicity we again put V=1, N=n. 
Let, for a given configuration A,_: represent a determinant analogous 
to (15), but in which the ion number 1 is disregarded. Then putting: 


5: Oa 
Ar = Ee esti at ae. GO) 
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the quantity &, will be the solution of the following set of linear equations 
with n unknown quantities &,, &....&,: 


as ba = "2 (a) } 


2 ke ba =O (I= 2,3...n) ()\ (31) 


where 


1 
by = — (l= k) bye 4) e 
Trl 


For a configuration where the particles are practically distributed at 
random, the significance of &, can be simply illustrated in the case where 
a is small compared with the mean distance 9 between neighbouring 
ions. We imagine n metal spheres distributed at random in the volume 
V= 1. The spheres carry charges &,,&,...é,. The equations (31) then 
express that the potential at the surface of the first sphere equals '/., 
whereas the potentials at the surface of the other spheres are equal to 
zero. This may be realized by earthing the spheres 2,3...n. Then é, 
is the charge which the first sphere must carry in order to possess a 
potential '/, or, in other words, &,a is the capacity of the system of 
conductors just described. The illustration holds only as long as tHe 
sutface charge on each sphere is equally distributed, and in order that 
this be so the above mentioned condition a << @ is necessary. 

The equations (31) may be solved by an artifice quite analogous to 
that applied by DEBIJE and HUECKEL. Using the terminology of the 
electrostatic system just described we introduce the mean potential » 
existing at a distance r from the first sphere. Further we consider &,; 
as a function of the distance r of the kt to the first sphere. The mean 
space charge in unit volume is seen to be equal to §n, and POIssON’s 
formula takes the form: 


A gia adh ots Sele Be 


Now, according to (316), the value of p is so as just to be compens- 
ated by the potential due to the charge & if from an arbitrary point in 
space we pass to a point lying on the surface of the kt* sphere. We 
therefore write: 


Gey Ro Miles bs Sede ee, FG) 


Eliminating & from (32) and (33) we arrive at a differential equation 
for m quite analogous to that obtained by DEBIJE and HUECKEL: 
No=4agpoan=0 Was | Sele to 
Its solution is: 
— Varun 
e 


ph ee ere ae 85) 


r 
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We have chosen &, as constant of integration, since for small r values, 
@ must behave as é,/r. The charge £, can now be calculated for instance 
by replacing in (31a) the summation over the ions 2, 3,...n by an 
integral over the total volume. By means of (33) and (35) we obtain in 
this way: 

Pee, Hy 7 
Va ,/a+ 42 SS ide= sja—4Annaforde= 


« 


0 
== (SO nian anfew!#" de= fla é; V4ana 
0 


To the first approximation this gives: 
eat Vann Vi AP WATS) 


For 4zan sufficiently small, the value of the integral is mainly determ- 
ined by a part of space which contains many spheres; this justifies our 
method of solving ,. 

We have now calcutated the right hand side of (30) for a random 
distribution of ions and for small concentrations. Since under these con- 
ditons the left hand side of (30) will be equal to 4,-1 /x, we find, using (25): 


ania, = [@ (a3 (n—1)) 


r ee ae [bi(ayn\) = Yoen ee” erty OM 


Introducing again the abbreviation (26), we find from (30), (36) and (37) 
the following differential equation for w: 


pee Heaney fl te Pear xt 2), hoe Cte EOS! 


Substituing for w the solution (29) which holds for small x values, we 
obtain an equation which determines K: 


ene lo — ekYs— {4 KV x= (1 41V 42x) = 1 —2KV x+V4nx 
Best lg VA eri Acs 2 ee a 


Going back to the general case of N ions in a volume V we find 


from (17), (25), (26), (28) and (39): 
At='"/,NkT log nat w (x) 


ore (l-3A-) . Fxae (+39 Sy ee (40) 


e2 3 
x=0n=( py DkTn = nual )n 
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To the first approximation the following formulae hold (x << 1): 
== 1 -— ali V4nx—/;, 4x. 5 O65 


—log wo =?/, V4ax+ |, 4ax.... (41) 


2 
N; Zi a2 % 


UN ge PS a. 


The last expression coincides exactly with DEBYE’s and HUECKEL’s 
formula (1) in the limiting case of small ionic radic. 


III. Discussion of results. 


By means of (40) we will first calculate some important thermodyna- 
mical quantities, 

For the logarithm of the coefficient of activity (f.); of the ions of the 
kind i we find: 


Oe NOIR tO. Boy 1 
If only two kinds of ions are present for which z, + z,—0 (KCI, MgSO,), 
the first term of the right hand member becomes equal to zero and we find: 
1 


Aerie 


For the decrease Ap and Ay in the values of the osmotic pressure p 
and the thermodynamical potential y due to the interionic forces we find: 
ra ttatvar ide My 

. 5 geog at A4) 


Ay=AC+VA p=—5NKT bog (1 +39) 


(43) 


From the first of these formulae we obtain a simple interpretation of 
the quantity ¢. Since the osmotic pressure of the ideal solution is equal to 


NkT 
aie the coefficient with which this expression must be multiplied in 
order to obtain the osmotic pressure corrected for interionic forces, i.e. 
the osmotic coefficient fp, is given by: 
t 
ie — 1 en Dy . . . . . . . . | (45) 

The maximum concentration for which our formulae still have a meaning .- 
corresponds, according to what has been said on p. 9, to t=7?/, and is 
thus given by: 

4x 4n 


<——— 6 Nn 


an 28 
9 0) 243 
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> N;z7? 


Naas and we 


For D= 80, T = 300, a becomes equal to 6,9.10-8 


find consequently that the number of gramions in a litre at that concen- 
tration is equal to: 


1000n N \; 
606.158 = 9°59 (sy) Ae, sibel 646) 


For an electrolyte of the KCl type this corresponds to a concentration 
of 0,03 mol. KCI per litre, for an electrolyte of the MgSO, type 
with 0,0005 mol. MgSO, per litre, etc. For this maximum concentra- 
tion the osmotic coefficient is always equal to ?/;—=0,67 whereas 
the logarithm of the coefficient of activity has become equal _to 


2SNizi ite nee fee 
Zi x7 —> log 3. For KCl and MgSO, the coefficient of activity 


oN 3 


. 1 — 
itself has thus become equal to 73 08. 


It is certainly striking that our formulae have a physical meaning only 
in a relatively small range of concentrations. We might naturally ascribe 
this to the circumstance that we have neglected the finite dimensions of 
the ions, although the integral (7) which was our starting point, diverges 
for infinitely small radii. The mathematical expression for the compromise 
which has been made is obviously involved in formulae (8) and (14). 
As mentioned in the text these approximations involve the neglect of 
terms depending essentially on the ionic radii. The meaning of the 
peculiar behaviour of the function w would then be as follows. Considering 
an isothermal. compression of the system where we start from a very 
big volume V i.e. from very small concentrations, statistical distributions 
of the ions will, at the beginning of the process, be possible, which are 
continuously connected with the random distribution at very small con- 
centrations. This might also be expressed by stating that, for sufficiently 
small concentrations, an “atmosphere of free ions’ can exist. At larger 
concentrations, however, the tendency of ions with opposity charges to 
“associate’’ becomes so preponderant (large fluctuations of the quantity A 
in (15)), that at concentrations larger than our critical concentration, no 
distribution of ions can exist which is independent of the dimensions of 
the ions. Obviously this does not yet mean that these dimensions will 
not play a part even at smaller concentrations (partial ,,association” of 
the ions), 

It will therefore be clear that a comparison of the theory with the 
experiments is rather useless so long as the influence of the ionic radii 
has not been investigated more closely. We hope to return to this 
question on a later occasion. Meanwhile I think we may conclude already 
that it is illegitimate, from a theoretical point of view, to treat the state 
of a mixture of ions, at greater concentrations and without neglecting 
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the ionic radii, in the way proposed by DeEBIJE an HUECKEL. In fact it 
seems that the considerations of these authors are based too much on 
the picture of an atmosphere of free ions. The beautiful investigations 
of BJERRUM (loc. cit. p. 2) point in the same direction. In this work the 
electrolyte is considered as a mixture of “free” and “associated” ions 
(not chemical association in the sense of the old theory, of course) and 
in many cases more plausible values for the ionic radii are found than 
in DEBYE'’s and HUECKEL’s theory. 


Mathematics — Ueber stetige Bilder von Punktmengen. (Zweite 
Mitteilung) '). By Dr. W. Hurewicz. (Communicated by Prof. 
L. E. J. BROUWER.) 


(Communicated at the meeting of November 27, 1926) 


Den nachstehenden Betrachtungen liegt folgende Fragestellung zugrunde: 
Sei ein n-dimensionaler Raum R eindeutig und beiderseits stetig 2) auf 
einen n*-dimensionalen Raum R* abgebildet, und es sei fiir jeden Punkt 
p* von R* mit Urb (p*) die Urbildmenge von p* bezeichnet, d.h. die Menge 
aller Punkte von R, deren Bilder in den Punkt p* fallen. Was lasst 
sich iiber die Mengen Urb (p*) auf Grund der Kenntnis der Dimensions- 
zahlen n und n* aussagen ? 

Wir beschaftigen uns zunadchst mit den dimensionserhéhenden Abbil- 
dungen, d.h. wir setzen n* >n voraus. Der Spezialfall n=O wurde in 
meiner ersten Mitteilung iiber diesen Gegenstand ausfiihrlich behandelt. 
Es hat sich ergeben, dass in diesem Fall unter den Mengen Urb (p*) 
auch solche auftreten miissen, die mindestens n-+ 1 verschiedene Punkte 
enthalten. Dies ist im folgenden allgemeinen Theorem enthalten: 

Theorem I. Jst der separable n-dimensionale Raum R eindeutig und 
beiderseits stetig auf den n*-dimensionalen Raum R* abgebildet, wobei 
n*=n gilt, dann gibt es in R* Punkte, die Bilder von mindestens 
n*—n-+1 verschiedenen Punkten von R sind. 

Angenommen jede der Mengen Urb (p*) enthielte hdchstens k Punkte. 
Wir haben nachzuweisen, dass dann n* =n+k—1 gilt. Wir beweisen 
diese Behauptung durch doppelte Induktion nach n und k. Fir k—=1 
(und beliebiges n) ist der Satz sicher richtig, da er sich dann auf den 
Satz von der topologischen Invarianz der Dimensionszahl reduziert?). 
Ferner ist der Satz trivial fiir n—=— 1 (das Bild einer leeren Mengen 
ist leer), Wir beweisen ihn fiir gegebenes n und k (n=0, k= 2) 
unter den Annahme, er sei bereits bewiesen fiir die Kombinationen 
(n, k—1) und (n—1, k). 

Auf Grund dieser Annahme zeigen wir zunachst: Haben in R zwei abge- 


1) Meine erste Mitteilung iiber diesen Gegenstand ist in diesen Proceedings 29, 1926, 
S. 1014 erschienen. Eine ausfiihrliche Darstellung der Resultate beider Noten wird in den 
Mathem. Annalen erscheinen. 

2) Beziiglich des Begriffes der mehrdeutigen stetigen Abbildung, worin als Spezial- 
fall der Begriff der beiderseits stetigen Abbildung enthalten ist, vgl. die erste Mitteilung. 

3) Vgl.. MENGER, Monatshefte f. Math. u. Phys. 34, S. 140 und URYSOHN, Fundam. 
Math. 7, S. 168. 
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schlossene Mengen A und B einen héchstens (n —1)-dimensionalen Durch- 
schnitt, so ist der Durchschnitt der Bildmengen A* und B* von A, bzw. B 
hdchstens (n-+-k—2)-dimensional. Sei namlich B** die Urbildmenge von B*, 
d.h. die Menge aller Punkte von R, deren Bilder in B* liegen. Die Menge 
B** ist in R abgeschlossen und enthalt B als Teil. Die Menge A.B**—A.B 
ist Differenz zweier abgeschlossener Mengen, kann folglich als Summe 
einer Folge abgeschlossener Mengen Pj, P2,... P,,... dargestellt werden. 
Die Bildmenge von A.B** ist, wie man sofort sieht, mit A*. B* identisch. 
Aus der Summendarstellung 


A.B*=A.B+ SP, 
i=) 


ergibt sich eine entsprechende Summendarstellung fiir die Bildmenge 


A*, B*, namlich: 


A*.Bt=(A.B)*+ =P, 
1 


wobei (A B)* und P* die Bildmenge von A.B bzw. von P; bezeichnet. 
Die Mengen (A.B)* und P* sind in R* abgeschlossen*). Die Menge 
(A.B)* ist eindeutiges beiderseits stetiges*) Bild der héchstens (n —1)- 
dimensionalen Menge A.B. und nach dem als bewiesen vorausgezetzten 
hédchstens(n-+-k—2)-dimensional. Bei der eindeutigen und beiderseits stetigen *) 
Abbildung P; > P* entsprechen jedem Punkt von P? héchstens k—1 
Urbilder in P; ; denn unter den héchstens k Urbildern eines Punktes von 
P* < B* bei der Gesamtabbildung R— R* liegt mindestens einer in B, also 
ausserhalb von P;. Da aber P; héchstens n-dimensional ist, ist nach unserer 
Annahme P* héchstens (n + k—2)-dimensional. Die oben gegebene Summen- 
darstellung liefert also eine Zerlegung von A”*. B* in abzahlbar viele 
abgeschlossene héchstens (n + k — 2)-dimensionale Mengen. Mithin ist 
auch A*. B*>) hdchtens (n + k — 2)-dimensional. 

Nun sind unter den separabeln Ra&umen die n-dimensionalen durch 
folgende Eigenschaft charakterisiert: Es kann jeder natiirlichen Zahl m 
eine Zerlegung des Raumes R in endlich viele abgeschlossene Mengen 


kn 
R= sR? zugeordnet werden, so dass 1°. auf jeden Punkt von R eine 
1 


Folge von Mengen Ri, . Ri,...Ri...-- sich zusammenzieht und dass 


2°. je zwei Mengen Ri und Re fiir if k einen héchstens (n —1)-dimen- 


3) Da die Abbildung beiderseits stetig ist, sind die Bilder von in R abgeschlossenen 
Mengen in R* abgeschlossen. Vgl. die erste Mitteilung. 

4) Bei einer eindeutigen beiderseits stetigen Abbildung eines Raumes R wird, wie leicht 
ersichtlich, auch jeder abgeschlossene Teil von R beiderseits stetig auf einen Teil des Bild- 
raumes abgebildet. 

5) Vgl. meine Arbeit: Normalbereiche und Dimensionstheorie, Math. Annalen 96, S. 760, 
sowie TUMARKIN, Zur allgemeinen Dimensionstheorie, Proc. Ak. Amst. 28, S. 995. 
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sionalen Durchschnitt haben. ) Es sei eine diesen Bedingungen geniigende 
Folge von Zerlegungen des Urbildraumes R gegeben. Sie induziert im 
Bildraum R* eine Folge von Zerlegungen in abgeschlossene ‘) Mengen, 
welche mit Riicksicht auf die Stetigkeit der Abbildung ebenfalls der 
Bedingung 1° geniigen. Aus der oben bewiesenen Behauptung folgt aber, 
dass je zwei Mengen (R”)* und (RZ)* fiir i Fk héchstens (n + k — 2)- 
dimensionale Durchschnitte haben; also ist R* héchstens (n + k — 1)- 
dimensional. Damit ist das Theorem I bewiesen. Aus ihm ergibt sich 
leicht das folgende ; 

Korollar. Ist der separable n-dimensionale Raum R eindeutig und 
beiderseits stetig auf den Raum R* abgebildet, dann ist die Menge aller 
Punkte von R*, deren Vielfachheit =k ist, (d.h. die Menge aller Punkte 
von R*, die héchstens k Urbilder besitzen), héchsiens (n+-k—1)-dimensional. 

Die Schranke n*—n-+1 von Theorem I kann im allgemeinen nicht 
erhéht werden, denn es kann leicht gezeigt werden, dass der Euklidische 
m-dimensionale Raum Rn, oder ein Intervall des R,, sich fiir jedesn <m 
als eindeutiges und beiderseits stetiges Bild einer n-dimensionalen Menge 
darstellen lasst derart, dass jeder seiner Punkte héchstens m—n+]1 
Urbildpunkte besitzt”). In einigen Spezialfallen ist indessen eine Erhéhung 
der Schranke méglich, vor allem dann, wenn der n-dimensionale Urbild- 
raum R eine Teilmenge des” R,, ist. 

Theorem II. Wird eine Teilmenge des Euklidischen n-dimensionalen 
Raumes eindeutig und beiderseits stetig auf einen n*-dimensionalen Raum 
R* abgebildet, wobei n*>n gilt, dann treten in R* Punkte von einer 
Vielfachheit = n* — n + 2 auf. 

Wir beweisen zunachst folgenden Spezialfall des Theorems II: Ist R* 
eindeutiges und beiderseits stetiges Bild einer Teilmenge Rdes R,, wobei 
jedem Punkt von R* héchstens zwei Urbilder entsprechen, dann ist R* 
héchstens n-dimensional. Bezeichnen wir als einen Euklidischen R, jede 
Menge, dienur aus einem Punkt besteht, so ist die Behauptung fiir n = 0 trivial. 
Wir nehmen an, sie sei fiir n —1 bewiesen, und wollen ihre Giltigkeit 
fir n herleiten. Ware der Bildraum R* mindestens (n + 1)-dimensional, 
so konnten wir ohne Einschrankung der Allgemeinheit annehmen, R sei 
liberall von der Dimension >n, d.h. jeder offene Teil von R* sei 


6) Dies folgt aus dem Satze, dass die héchstens n-dimensionalen Teilmengen eines 
kompakten Raumes dadurch charakterisiert sind, dass sie sich als Summe von endlich vielen 
beliebig kleinen relativ abgeschlossenen Mengen darstellen lassen, die zu je zweien héchstens 
(n—1)-dimensionale Durchschnitte haben (Vgl. meine unter 5) zitierte Arbeit), in Verbindung 
mit dem URYSOHNschen Satz, dass jeder separable Raum mit einer Teilmenge eines 
kompakten Raumes homéomorph ist. 

7) Es entsteht die Frage ob bei vorgegebenen n* und n (n* > n =) sich jede n*-dimen- 
sionale separable Menge als ein eindeutiges beiderseits stetiges Bild einer n-dimensionalen 
Menge mit héchstens (n*—n ++ 1)-fachen Punkten darstellen lasst. Fiir n =0 ist diese Frage 
positiv zu beantworten, d.h. separable héchstens n-dimensionale Raume sind nichts anders 
als eindeutige beiderseits stetige Bilder von nulldimensionalen Mengen mit hdchstens 


(n+1)-fachen Punkten. (Vgl. erste Mitteilung.) 
11 


Proceedings Royal Acad. Amsterdam. Vol. XXX. 
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mindestens (n+ 1)-dimensional. Dies folgt aus dem allgemeinem Satze, 
wonach jeder separable m-dimensionale Raum einen in ihm abgeschlos- 
senen iiberall m-dimensionalen Teil enthdalt *). 

Wir kénnen weiter annehmen dass R in einem n-dimensionalen Wiirfel W 
enthalten ist (denn jede Menge des R, ist mit einer beschrankten Menge 
des R, homédomorph). Zerlegen wir W fiir jede natiirliche Zahl m in 
endlich viele kongruente Wiirfel W7 ((=1,2...km) von der Kanten- 
lange <1/m und setzen Ri*—R.W;". Dann sind die Durchschnitte 
R?.R; Teilmengen des Euklidischen R,-. Die Annahme, dass R* min- 
destens (n+ 1)-dimensional sei, ist zum Widerspruch gefiihrt, wenn wir zeigen, 
(Vgl. den Beweis von Theorem I) dass die Durchschnitte von je zwei 
Mengen (R7)* und (Rz)* fiir i= k héchstens (n—1)-dimensional seien; dazu 
geniigt es aber, folgendes nachzuweisen: Ist der Durchschnitt zweier in R 
abgeschlossener Mengen A und B Teilmenge eines Euklidischen R,-1, 
dann ist der Durchschnitt der Bildmengen A* und B* héchstens (n—1)- 
dimensional. 

Wie beim Beweis von Theorem I und unter Beibehaltung der dortigen 
Bezeichnungen nehmen wir die Zerlegungen vor: 


co 
A.BY*=AB+ SP, 
=1 


oo 
A*.B* =(A.B)* + 2 Pf. 
i=1 


Die Menge (A.B)* ist nach dem als bewiesen vorausgesetzten héchstens 
(n—1)-dimensional. Wir brauchen also nur noch zu zeigen, dass jede der 
Mengen P; héchstens (n—1)-dimensional ist. Nun besitzt jeder Punkt von 
P} genau einen Urbildpunkt in P;, (denn es kann im ganzen héchstens 
zwei Urbildpunkte geben. Einer von ihnen muss aber mit Riicksicht auf 
yey < B** in B, also ausserhalb von P; liegen). Die Abbildung zwischen P, 
und P; ist somit ein-eindeutig und daher (vgl. Fussnote*)) topologisch. 
Ware also P? mindestens n-dimensional, so miisste dasselbe von P; gelten. 
Als Teilmenge des R, enthielte dann P; nach einem Theorem von MENGER 
und URYSOHN ein n-dimensionales offenes Intervall °), etwa J. Zu jedem 
Punkt p von J (wie iiberhaupt zu jedem Punkt von B*—B) gibt es in B 
einen und nur einen Punkt p’, dessen Bild mit dem Bild von p zusammenfiallt. 
Durchlauft p das n-dimensionale Gebiet J, so durchlauft p’ eine, wie man 
leicht sieht, mit J homéomorphe Menge J’. Diese Menge J’ ist nach dem 
BRouweERschen Satz von der Gebietsinvarianz ebenfalls ein n-dimensionales 
Gebiet. Die Bildmengen von J und R—(jJ+/J’) sind fremd und ihre 
Summe ist R*. Die Bildmenge der abgeschlossenen Menge R—(J+/’) 
ist abgeschlossen, also ist ihr Komplement, d.h. die Bildmenge von 


8) Vgl. meine unter 5) zitierte Arbeit, S. 762, Theorem VI. 

9) Vgl. MENGER, Monatshefte f. Math. u. Phys. 34, S. 157 und URYSOHN, Fund. 
Math. 7, S. 81. - 

10) Vgl. LEBESGUE, Fundam. Math, 2, S. 280. 
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J in R* offen; ferner ist diese Menge als topologisches Bild von 
J n-dimensional. R* enthalt also einen relativ offenen n-dimensionalen 
Teil im Widerspruch zur Annahme. Damit ist die Behauptung bewiesen. 

Der allgemeine Beweis des Theorems II erfolgt auf Grund des soeben erle- 
digten Spezialfalles in ganz analoger Weise, wie der Beweis des Theorems I. 
Als Ausgangspunkt der Induktion dienen unter Beibehaltung der Bezeich-: 
nungsweise von Theorem | die Spezialfalle: k—2 (beliebiges n) und 


n=— | (beliebiges k). Es sind ferner im Beweis von Theorem I die 
Worte ,,n-dimensional’’, bzw. ,(n—1)-dimensional” iiberall durch die 
Worte ,,Teilmenge des R,", bzw. » Teilmenge des R,1"" zu ersetzen. 


Durch das Theorem II ist die von LEBESGUE *) aufgeworfene Frage 
betreffend die Vielfachheit der Punkte bei der eindeutigen stetigen 
Abbildung '?) eines n-dimensionalen auf einen m-dimensionalen Wiirfel 
(n<m) beantwortet. Von LEBESGUE wurde bewiesen, dass bei einer 


derartigen Abbildung Punkte von einer Vielfachheit ge a I auftreten 


as It 
miissen, wobei sie bzw. mS ist, je nachdem m gerade oder un- 


gerade. Durch Theorem II wird diese Schranke auf m—n + 2 erhoht. 
Weiter kann sie sicher nicht erhoht werden, da, wie LEBESGUE bemerkt 
hat "'), der n-dimensionale Wiirfel auf den m-dimensionalen Wiirfel derart 
eindeutig und stetig abgebildet werden kann, dass héchstens (m—n + 2)- 
fache Punkte auftreten. 

Aus dem Theorem II ergibt sich ferner, dass bei einer eindeutigen 
und beiderseits stetigen Abbildung einer Teilmenge des Euklidischen 
R, die Menge aller Punkte des Bildraumes, welche héchstens k Urbild- 
punkte besitzen (k = 2), héchstens (n-++k—2)-dimensional ist. 


Wir wenden uns nunmehr zu den dimensionserniedrigenden Abbil- 
dungen, setzen also voraus, das die Dimension n* des Bildraumes R* 
kleiner sei als die Dimension n des Urbildraumes. Wir beschranken uns 
dabei auf kompakte Raume. Es gilt nun der folgende Fundamentalsatz: 

Theorem III. Jst der kompakte n-dimensionale Raum R eindeutig 
und stetig auf den n*-dimensionalen” Raum R* abgebildet '*), wobei 
n* =n ist, dann gibt es in R* Punkte, mit mindestens n — n*-dimen- 
sionalen Urbildmengen "). 


11) LEBESGUE a.a.0. S. 285. 

12) Jede eindeutige stetige Abbildung eines kompakten Raumes ist beiderseits stetig. 

13) Ein Spezialfall dieses Satzes, namlich der Fall n=0 wurde von TUMARKIN (diese 
Proceedings, 28, S. 1001) bewiesen. Ein anderer Spezialfall des Theorems, die Behauptung 
namlich, dass die Dimension eines Raumes bei einer eindeutigen beiderseits stetigen 
Abbildung nicht erniedrigt werden kann, wofern jedem Punkt des Bildraumes eine null- 
dimensionale Menge von Urbildpunkten entspricht, wurde fiir allgemeine separable Raume 
in der ersten Mitteilung ausgesprochen (S. 1016, Fussnote })). 

(Zusatz bei der Korrektur). Wie ich eben ersehe, wurde das Theorem III von 
ALEXANDROFF vermutet; vgl. seine nach Fertigstellung dieser Note erschienene Abhandlung, 
Math. Annalen 96, S. 570. 
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Der Beweis stiitzt sich auf das folgende Lemma, auf dessen Begriindung 
wir hier nicht naher eingehen '%). 

Lemma, Sei n eine ganze nicht-negative Zahl, ¢ eine reelle Zahl > 0. 
Gibt es zu jedem Punkt des kompakten Raumes R eine Umgebung mit 
héchstens (n—1)-dimensionaler Begrenzung, so dass die abgeschlossene 
Hiille der Umgebung Summe ist von endlich vielen abgeschlossenen Mengen 
mit Durchmessern < ¢, die zu je n+ 2 fremd sind, dann ist der ganze 
Raum R Summe von endlich vielen abgeschlossenen Mengen mit Durch- 
messern <«, die zu je n+ 2 fremd sind. 

Sind also die Woraussetzungen des Lemmas bei festem n fiir jedes 
e > 0 erfiillt, dann ist R nach einem Theorem von URYSOHN 1°) héchstens 
n-dimensional. 

Sei nun k die grésste unter den Dimensionen der Urbildmengen Urb (p’), 
wenn p* alle Punkte von R* durchlauft, und sei n* gegeben. Es ist 
zu zeigen, dass n=n*-+ k gilt. Fir n* ——1 ist die Behauptung trivial. 
Wir wollen den Beweis fiir n* =m fihren, unter der Annahme, die 
Behauptung gelte fiir n*< m. Sei p ein Punkt von R, — p* sein Bild. Die 
Menge Urb (p*) ist héchstens k-dimensional, kann daher, wie aus einem 
Theorem von MENGER und UrySOHN folgt, bei vorgegebenem « > 0 mit 
endlich vielen in R* offenen Mengen. mit Durchmessern < « iiberdeckt 
werden, deren abgeschlossene Hiillen zu je n-+2 fremd sind'’). Sei U 
die Summe dieser offenen Mengen. Da es zu p* beliebig kleine Um- 
gebungen mit h6dchstens (m—1)-dimensionalen Begrenzungen gibt, so 
existiert insbesondre auch eine derartige Umgebung V, deren Urbild- 
menge V’ in der Umgebung U von Urb (p%*) liegt, folglich zerfallt V’ 
in endlich viele abgeschlossene Teile <«e, die zu je k+2, also a 
fortiori zu je k-+-m-+2, fremd sind. Nun ist aber V’ eine Umgebung 
von p, und das Bild ihrer Begrenzung ist in der héchstens (m—1)-dimen- 
sionalen Begrenzung von V enthalten; also ist die Begrenzung von V’ 
nach dem fiir m—1 als giiltig angenommenen Satz héchstens (k++ m — 1)- 
dimensional. Der Raum R erfiillt mithin die Voraussetzungen unseres 
Lemmas fiir n=k-+m und fir jedes ¢>0. Folglich ist R hédchstens 
(k + m)-dimensional. 2”) 

Es kann weiter bewiesen werden, dass es eine Zahl k=n gibt, fiir 


14) Vgl. diesbeziiglich meine angekiindigte ausfithrliche Darstellung in den Mathem. Annalen. 

15) Fundam. Mathem. 8, S. 225. 

16) Vgl. MENGER, Monatshefte f. Math. u. Phys. 34, S. 148. URYSOHN, Fundam. Mathem, 
8, S. 225. 

17) Die Frage, ob das Theorem III auch fiir allgemeine separable Raume gilt, (wobei 
natiirlich in der Aussage des Theorems der Begriff ,,stetig’ durch ,,beiderseits stetig’’ zu 
ersetzen ist) bleibt offen (mit Ausnahme des in der Fussnote 13) erwahnten Spezialfalles), 
Die zum, Beweis von Theorem III verwendete Methode kann auf separable Raéume im © 
allgemeinen nicht tibertragen werden, solange nicht der in den Beweis eingehende 
URYSOHNsche Satz, (dass eine Menge, die als Summe von endlich vielen beliebig kleinen 
relativ abgeschlossenen zu je n-+2 fremden Teilen dargestellt werden kann, héchstens 
n-dimensional ist) fiir beliebige separable Mengen bewiesen ist. 
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die die Menge aller Punkte von R* denen mindestens k-dimensionale 
Urbildmengen entsprechen, mindestens (n—k)-dimensional ist. 

Die Theoreme I und III zeigen, dass die dimensionserniedrigende 
Wirkung einer eindeutigen und beiderseits stetigen Abbildung von der 
Machtigkeit der Urbildmengen der einzelnen Punkte des Bildraumes 
abhangt, wahrend die dimensionserhéhende Wirkung einer Abbildung 
von der Dimension dieser Urbildmengen abhangt. 

Aus dem beim Beweis von Theorem III verwendeten Lemma kann 
auch ein Satz iiber die Struktur der n-dimensionalen kompakten Raume 
hergeleitet werden. Bezeichnen wir fiir jeden Punkt p des n-dimensionalen 
Raumes R mit R” (p) die Menge aller Punkte von R, die sich von p 
durch eine weniger als (n —1)-dimensionale Menge nicht trennen lassen. ~ 
Ich habe bewiesen '*), dass die Menge R"(p) entweder nur aus dem 
Punkte p besteht (dies tritt dann und nur dann ein, wenn R in p weniger 
als n-dimensional ist), oder ein Kontinuum ist. In diesem letzteren Fall ist R 
in allen Punkten von R"(p) n-dimensional. Wir zeigen nun: 

Unter den Mengen R" (p) des kompakten n-dimensionalen Raumes R 
existiert mindestens eine von der Dimension n.'°) 

Sonst kénnten wir analog wie beim Beweise des Theorem III zu 
jedem Punkt p von R und zu jedem ¢>0 eine Umgebung U (p) von R" (p) 
angeben, deren abgeschlossenen Hiille in endlich viele abgeschlossene 
Teile <e« zerfallt, die zu je n-+1 fremd sind. Nun kann p von jedem 
Punkt des Komplementes der Menge U(p) durch eine héchstens (n —2)- 
dimensionale Menge getrennt werden ; und daraus folgt nach dem Borelschen 
Theorem, dass eine Umgebung V (p) < U (p) mit héchstens (n — 2)-dimen- 
sionaler Begrenzung existiert.”°). Es sind also alle Voraussetzungen unseres 
Lemmas fiir n —1 erfiillt, und daher ist R hdchstens (n — 1)-dimensional 
im Widerspruch zur Annahme. 

Aus diesem Satz folgt das MENGERsche Ergebniss, wonach die Menge 
aller Punkte, in denen ein kompakter n-dimensionaler Raum n-dimensional 
ist, selbst die Dimension n besitzt. 7‘) Ferner enthalt unser Satz das 
TURMARKINsche Ergebnis’), dass ein n-dimensionaler kompakter Raum 
ein n-dimensionales Teilkontinuum besitzt. 


18) Vgl. meine Arbeit in den Mathem. Annalen 96, S. 762, Theorem VII. 

19) Aus diesem Ergebniss kan in sehr einfacher Weise das Theorem III dieser Arbeit 
gefolgert werden. 

2) Es gibt namlich zu jedem punkt von R—U(p) eine Umgebung mit héchstens (n—2)- 
dimensionalen Begrenzung, so dass p in der abgeschlossenen Hiille dieser Umgebung nicht 
enthalten ist. Nach dem BoRELschen Theorem ist die abgeschlossene Menge R—U(p) in 
der Summe (nennen wir sie W) von endlich vielen derartigen Umgebungen enthalten. Dann 
ist R—W eine Umgebung U(p) von p mit héchstens (n—2)-dimensionaler Begrenzung. 

21) Vgl. MENGER, Das Hauptproblem iiber die dimensionale Struktur der Raume, 
diese Proceedings. 30, S. 138. MENGER beweist, dass in einem kompakten n-dimensionalen 
Raum die Menge aller Punkte, in denen der Raum n-dimensional ist, sogar homogen 
(d.h. in jedem ihrer Punkte) n-dimensional ist. 

22) Vgl. TUMARKIN, diese Proceedings, 28, S. 1001. 


Mathematics. — Zum Beweise des zweiten Fundamentalsatzes der 
symbolischen Methode. By R. WEITZENBOCK. 


(Communicated at the meeting of December 18, 1926). 


Der bisher bekannte Beweis des zweiten Fundamentalsatzes der sym- 
bolischen Methode in der projektieven Invariantentheorie stiitzt sich auf 
Reihenentwickelung '). Es ist mir jetzt gelungen, einen Satz iiber p-Rela- 
tionen zu beweisen”). Auf Grund dieses Satzes kann dann der bisherige 
Beweis der zweiten Fundamentalsatzes bedeutend vereinfacht werden, 
worauf ich seinerzeit schon hingewiesen habe *). Macht man von diesem 
Satze iiber p-Relationen Gebrauch, so bleibt nur noch zu zeigen, dass 
alle fiinf Typen der beim zweiten Fundamentalsatze auftretenden Identitaten 
IT aus einer einzigen ableitbar sind. Dies ist im Wesentlichen ein schon 
von E. Pascat *) gefundener Satz, dessen Beweis hier mit Verwendung 
von (n—1)-faltigen Komplexsymbolen sehr vereinfacht wird. 


ar 


Es sei Jy eine ganze, rationale, identisch verschwindende projektieve 
Invariante einer oder mehrerer n-Aarer Grundformen: 


Jo= Joey % CREEP etn) ee = EAD) 
Jo ist hierbei linear in den p,, , qj, _- Stellen wir J) symbolisch dar >) 
Jom Jule’ c's aR eae ae ee ent) 
so wird J, ein Polynom von Faktoren erster und zweiter Art mit den 
Reihen a’,..., a,... von gewdhnlichen Symbolen und den Reihen p,..., 
q’,... von Komplexsymbolen. 


Aus J, leiten wir durch Polarisation eine Invariante J, ab, die linear 
ist in allen Reihen) ag ba) @ Gare 


Jo@ fila’, Bisse ea pee ee) ies Se) 


Das Zuriickgehen von J, zu J; erfolgt eindeutig durch gleichsetzen mehr- 
erervReinen ta..0 eee eee 


') Vgl. die Darstellung in meiner ,Invarianten-Theorie”, NOORDHOFF, Groningen (1923), 
p. 98 ff. 


2) Vgl. den demnadchst in den Mathematischen Annalen erscheinenden Aufsatz ,,Ueber 
p-Relationen”’. 

3) Invariantentheorie, Anmerkung p. 117. 

1) Memorie della R. Acc. dei Lincei IV, 3 und V, 4a (1888). 

5) Invariantentheorie p. 92. 
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Aus J, bekommen wir eine Invariante 
Pe fH OR OR OS SE ge Pe ee EN ea 


wenn wir 


Prt... 9 -++2)ear.+ Tet,. = (a! 0”... ian ts Teeny eK) 
setzen. Auch J; ist ein Polynom von Faktoren erster und zweiter Art 
und das Zuriickgehen von J; nach J> ist ebenfalls eindeutig méglich, 
indem die Reihen x,y,...,z durch p, die Reihen u’,v’,...,w’ durch 
q u.s.f. ersetzt werden, wobei auf die Reihenfolge der x,y,.. in J; zu 
achten ist. 

Aus /; eliminieren wir schliesslich alle gestrichenen Reihen a’, b’,... 
u’,v’,.. durch Zerlegungen der Gestalt 


, 


(Heal 2 POR Sear any OMG Mae! Sie Goh ay 
und erhalten so eine Invariante 
SURF EC Wee Oe et aR ee eB ey Lc (7) 


die nur noch ungestrichene Reihen, also nur noch Klammerfaktoren vom 
Typus (af...) enthalt. Auch hier ist das Zuriickgehen zu J; eindeutig, 


wobei analog mit (6) die n—1 Reihen r,s,...,f durch (n—1)-faltige 
Komplexsymbole a zu ersetzen sind: 

aysala” a ce (na1) a, ee een ee) 

Wir haben auf diese Weise statt des urspriinglichen Jy eine Invariante 

J, von N Linearformen a, f,..., die identisch beziiglich jeder Reihe 

a, B,... verschwindet und also eine p-Relation zwischen G,-Koordinaten 
(aB...y) im Gy darstellt. Somit ist 2): 

Je 5, AU, oie Rha ae Oe ee (9) 


wo JI, eine quadratische p-Relation ist, also die linke Seite einer 
Identitat von der Gestalt 
fi (ab .9) (ey. 5.2) Hb. 69) (eyez) ee ee) 
In (9) haben wir links bei J, ein eindeutiges Zuriickgehen zu J;, also 
auch rechts bei 4 AJJ,. Wir miissen zeigen, dass bei diesem Zuriick- 
gehen die Gestalt YAJI der rechten Seite erhalten bleibt, d.h. dass wir 
wieder einen Ausdruck +3 AJ/ erhalten. 


1p) 


Wir haben in jedem AJI, von 3S, AII, n—1 bestimmte Reihen 
r,s,...,f, in dieser Reihenfolge aufgeschrieben, nach (6) und (8) durch 
(n—1)-faltige Komplexsymbole a zu ersetzen und dann den “Uebergang 
a—a’” nach (8) auszufiihren. Hierbei haben wir die verschiedenen 
Méglichkeiten zu untersuchen, auf welche Weise die n—1 Reihen a dann 
in AIT, verteilt sind °). 


6) Das Folgende ist nichts anderes als der vereinfachte Beweis des von E. PASCAL (I.c.) 
bewiesenen Satzes: Gilt der zweite Fundamentalsatz fiir die ,,Transformierte’’, so gilt er 
auch fiir die urspriingliche Invariante. 
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IT, hat die Gestalt (10), A ist ein Produkt von Klammerfaktoren (a/...y). 
Enthalt A wenigstens eine Reihe a, so steht diese in einem Klammer- 
faktor. In diesen kénnen wir dann durch Umformen alle (n—1) Reihen 
a vereinigen ’), wodurch : 

(a*— a) = (n—1)! (a’ a) 
in A zu stehen kommt, wahrend J, seine Gestalt nicht andert; es 
werden nur die eventuell in JJ, vorhandenen Reihen a ersetzt durch 
neue, von a verschiedene Reihen a, f,... 

Dieser “erste Uebergang a—a’™ ergibt also hier aus >, AJJ, wieder 
eine Summe Y’, AJJ,, wobei jetzt in A neben Klammerfaktoren (af...) 
auch Linearfaktoren (aa’) vorkommen kénnen. Sind aber alle n—1 Reihen 
a in IJ, von AIJ, anwesend, enthalt also A keine Reihe a, so gibt der 
Uebergang a—a’ Null oder — und dies ist nur dann der Fall, wenn in 


(10) y=... =z=a ist — die Identitat 
IT, =(aB...7) (xa) — (xB... y)(aa)4... . . . (1D) 
Der erste Uebergang a—a’ ergibt somit aus >, AJJ, eine Summe 
3, Alo. eee et 


wo JJ eine IJ, oder I, ist. 

Was entsteht nun bei den weiteren Uebergingen b> 6b’, c>c’,... 
aus (12)? Wir wollen wieder a statt 6,c,... schreiben. Enthalt dann 
ein A von (12) wenigstens eine Reihe a in einem Klammerfaktor, dann 
vereinigen wir wie oben alle n—1 Reihen a in diesem und bekommen 
wieder einen Linearfaktor (a’a). Sind alle Reihen a in A anwesend und 
zwar nur in Linearfaktoren, dann haben wir 


(a’ a) (v’ a)... (w’ a) = (a’ a’ v’... w’) 


und ein solcher Klammerfaktor hat bei den weiteren Uebergangen 
a—>a’ keinen Anteil mehr. Es bleiben also nur noch die beiden folgenden 
Méglichkeiten zu untersuchen: 

1. Alle n—1 Reihen a sind in einem JJ von (12) vorhanden. 

2. Ein JT von (12) enthalt k Reihen a (1 =k =n—2) und die iibrigen 
n—1—k Reihen sind in dem zugehérigen A nur in Linearfaktoren enthalten. 

Ist im ersten Falle I ein I, so entsteht bei a—a’ nach dem Oben 
Gesagten entweder Null oder ein JJ,, also nichts Neues. Ist aber JJ ein 
IT,, so entsteht bei a—a’ Null. 

Im zweiten Falle sei erstens IT ein I, AIT hat dann — von den 
weiteren Faktoren ohne a abgesehen — die Gestalt: 
TTA=[(a8...7)(xg...2z)—(x8...7)(ay...2z)+...](av’)(av’)...(aw’), (13) 
wo in der eckigen Klammer k Reihen a anwesend sind, also ausserhalb 
n—1—k Faktoren (au’),..., (a w’) stehen. 

Hier kénnen wir duweh Umforming alle diese n—1—k Reihen a in 
den zweiten Klammerfaktor von JJ hineinziehen, was eine Summe von 
IA’ ergibt, wobei jetzt wieder alle n—1 Reihen a in JJ konzentriert sind. 


7) Inv. Theorie, p. 79. 
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Hiedurch kommen wir wieder auf die bereits aufgezahlten Falle zuriick. 
Wir kénnen also voraussetzen: IJ von (12) ist ein IZ, und ITA hat 
die Gestalt (13) und zwar: 
ITA =[k(a*— ap..y)(am’)—(a' B...y)(am’)+ .-.](au’)(av’)...(aw’) (14) 
Bringen wir hier alle Reihen a von A in die Klammerfaktoren von [1 
und gehen zu a’ iiber, so muss eine identisch verschwindende Invariante 
L entstehen mit den n—k +1 Reihen a, B,....y und den n—k + 1 Reihen. 
m,u,v',..., w’,a’, wobei sich bei k>1 L aus Linearfaktoren allein 
aufbaut. Ist also k > 1, so verschwindet L 5). Bei k= 1 aber haben wir 


MA=(aB...7)(a'm'u'v’...w’)— 5 + (a’ a)(m’ B)...(w’ y) =H, (15) 
Wir erhalten somit den neuen Typus I. 


§ 3. 


Bei den folgenden Uebergangen a—a’ haben wir also jetzt mit den - 
Méglichkeiten zu rechnen, dass in S AIT II ein IT,, II, oder IT, ist. Die 
Falle = II, und IT= TI, sind bereits erledigt. Bei IJ= TI, haben wir 
wieder in zwei Fallen etwas neues zu erwarten, namlich: 

1). Alle n—1 Reihen a sind in IT konzentriert. 

2). In IT, sind k Reihen a vorhanden, 1=k=n-—2, und in A die 
iibrigen n—1—k Reihen in Linearfaktoren. 

Im ersten Falle wird nach dem Uebergang a— a’ aus II, die Identitat 


IT, = (u'v’. .. w’) (a’x) —(a'v’... w!) (a's, 3% BIO) 
Im zweiten Falle hat IZA die Gestalt 
WT Aza" G4.10.45... Gn) (u; i a3 S+(a u) pan(a uy) (an teag) se l (17) 
..-(ant,)]. (201)... (a 0, 41) —= M—N. \" 
Bei M bringen wir die n—k—1 Reihen a von.A durch Umformung 


in den Klammerfaktor (a* a,,,...a,) und erhalten: 
M=K! [(a’ ants). 5 (Gero... On), (v; Cat Tree gee, a 
tat appa) sD (agate < On liign, (Ce + Vamei)ia vee] (ti 413 aemtle) 


A y ‘ / , 
MAE) (at, 2:0,)) J (ans +++ On)iki... (A U1. +-Un—k—1)ikt.. =k! (ur... tn). (18) 
ikl 
Bei N haben wir vorerst bei aa’: 
a 1 / ! 1 1 
(ay)... (2 uy) (ae 41 441)... (an ttn) (av,)...(a@0,—4—1) = 
== (a uy vey OEHi ae Pee (OK 44 te +1) ++ (Ap Un) 
und dies formen wir mit Hilfe von J7, um: 
, , ' ‘ t 
(a uy Pel Ol4 AO gcd) (164.41 Oe 41) (tte 41 tis: cll V1 .++Un—k—1) (@ ae 41)— 


— (tigers au, ee 4) (1; Oy +1) + ire 


8) Vgl. Inv. Theorie, p. 103. 
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Bilden wir hier jetzt S++ bezgl. der Permutationen der u;, so werden 
k Glieder rechts mit N identisch und wir haben: 


t , , ' , , , i , 
(k + 1) N= ee (ak 41 Wy. o> BE Vp .as Open) (a te +1) (p42 Oy +2) es A (ie On) — 
ary So a (k41 a > ane tiepea) (11 Ap +1) sos (u, An) + . 


Hier formen wir neuerdings mit JJ; um und setzen dies so oft fort bis 
alle u,,,, u u, im Klammerfaktor vereinigt sind. Hiedurch wird 


' 


Ae 

schliesslich : 

(kL ith 2). in NSS ay.) ey. tar a Op Opes 
=nlfayisla). 3, 

also 


N=ki(m..u,). 5. 


Nach (18) ist IM—WN also Null, d.h. das urspriingliche IA ist eine 
lineare Kombination von Identitaten (16) vom Typus J/). 

Wir haben somit jetzt noch zu ermitteln, was der Uebergang a—a’ 
bei JIA ergibt, wenn JI ein IJ; ist und die Reihen a in A nur in Line- 
arfaktorer auftreten. Dies gibt nach (16) nur die einzige Méglichkeit 


TA =[(u'v’...w’) (a’a) — (a’0’... w’) (u’a) +...] (@ f’)..-(ay’). (19) 
Hier fiihrt a—a’ auf den neuen und letzten Typus: 


I =he'o... .. 2! Wop. A) 08 eee Ee cee eee (20) 
se 


Gehen wir jetzt zuriick auf Gleichung (9). In den beiden vorhergehen- 
den §§ haben wir gezeigt, dass die Uebergange a—a’ aus 3,/L,A 
eine 33; A JI hervorbringen, wo jetzt IJ jeden der fiinf méglichen Typen 
darstellen kann. Wir haben dann 


Jj Sp AU Ta eee ate ae LOD) 


und hier sind die durch (6) eingefiihrten Reihen r,s,...,¢ verschwunden. 

Von J; gelangen wir zu J, zuriick indem wir nach (5) einige Reihen 
durch Komplexsymbole p bzw. q’ ersetzen. Hierdurch wird die Gestalt 
von 2; nicht geandert, es entstehen hdchstens die besonderen Formen 
der Identitaten IJ, die sich bei Komplexsymbolen einstellen: 


p= 2s. 

Und von hier aus kommen wir schliesslich auf die urspriingliche sym- 
bolische Darstellung J; von J) zuriick indem wir mehrere Reihen von 
gewohnlichen Symbolen einander gleichsetzen. Dies gibt bei Y, wieder 
keine Gestaltanderung, d.h. wir haben; 

pee gAlt 


und die JJ enthalten jetzt nur die urspriinglich verwendeten Gréssen- 
und Symbolreihen. 


